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Volume 38 May 15, 1952 Number 5 


ANTIBIOTIC-PRODUCING PROPERTIES OF STREPTOMYCES 
35600, A MEMBER OF THE S. FLAVUS GROUP* 
By Mutsuyuk! Kocut, WILLIAM L. Ruicu, ROBERT F. ACKER, 
HuBert A. LECHEVALIER AND SELMAN A. WAKSMAN 
THE DEPARTMENT OF MICROBIOLOGY, NEW JERSEY AGRICULTURAL EXPERIMENT 


STATION, RUTGERS UNIVERSITY 
Communicated March 20, 1952 


It has often been observed that when the potency of certain antibiotics 
is determined by the agar-streak dilution method, an increase in the time 
of incubation of the plates will result in an apparent decrease in antibiotic 
potency. This is true particularly of aureomycin and terramycin.' This 
pomts to the fact that either the test organisms are becoming rapidly 


resistant to these antibiotics or that the antibiotics are unstable under 
the conditions of the assay. Since it has been shown that the develop- 
ment of resistance among bacteria to aureomycin and terramycin follows 
the penicillin and neomycin pattern, rather than that of streptomycin, 
one may be justified in concluding that the lability of antibiotics of the 
AT? type or their rapid inactivation by some of the constituents in the 
medium or by the products of the test organisms is the correct explana- 
tion of the observed phenomenon. Similar results were obtained when 
aureomycin- or terramycin-producing cultures were tested for their effects 
upon different batceria by the agar cross-streak method: the longer the 
incubation period of the plates, after cross-streaking with the test bacteria, 
the smaller were the zones of their growth inhibition. 

Waksinan and Lechevalier' suggested that by taking into consideration 
this fact, namely, the diminishing rather than the absolute width of the 
zones of inhibition of growth of test organism in the cross-streak tests, it 
would be possible, in any screening program, to isolate potential producers 
of antibiotics of the AT type from soils or other natural substrates. In 
applying this method to an actual screening program, a culture (No. 3560) 
which behaved very much like the terramycin-producing organism ob- 
tained from the American Type Culture Collection was isolated from a 
Texas soil. The two cultures were compared on the basis of their morpho- 
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logical, cultural, and biochemical properties. Although certain cultural 
differences were observed between the two, they were quantitative rather 
than qualitative in nature. When tested by the cross-streak test on suit- 
able agar media, neither culture had any activity against the other. The 
culture No. 3560 was found to be similar to either S. a/boflavus or S. grieso- 
flavus*® and was identical with the terramycin-producing culture, S. rimosus, 
as will be shown later. 

The production of antibiotics by culture 3560 was studied in shake 
flasks, using three different media. Yeast dextrose medium gave the 
most satisfactory results: on this medium and on a soybean meal dextrose 
medium an antibiotic substance which had a spectrum very similar to 
that of terramycin was produced (table 1). One of the chief character- 


TABLE 1 


ANTIBIOTIC SPECTRUM OF CULTURE FILTRATE AND OF CRUDE EXTRACT OF 3560 AS 
COMPARED TO THAT OF TERRAMYCIN 


CULTURE CRUDE EXTRACT OF 
FILTRATE, 3560 BROTH, PERRAMYCIN, 
“u/ ML, w/MG “u/s MG, 


Escherichia coli 500 200 1,000 
E. coli NR" > 1000 206 1,000 
E. coli SR° 300 1,000 
Serratia marcescens 30 8O 
Pseudomonas aeruginosa 30 60 
Proteus vulgaris 

Bodenheimer’s organism 100 800 
Bacillus subtilis 1000 8,000 
B. cereus é 2000 10,000 
Staphylococcus aureus ‘ 1000 7,000 
Mycobacterium 607 1000 4,000 
Mycobacterium 61 I7SR? 500 2,000 
Mycobacterium 607NR° L000 7,000 


“NR = neomycin-resistant, 
*SR = streptomycin-resistant. 


istics of this spectrum is low activity against Serratia marcescens ATCC 989 
and a high activity against Bacillus cereus. A culture of Escherichia coli 
previously made resistant to aureomycin and terramycin was also resistant 


to the antibiotic produced by culture 3560 (table 2). Another character- 
istic property which indicated that the antibacterial substance produced 
by culture 3560 had properties similar to those of terramycin was the greater 
stability of this antibiotic at an acid pH of about 2.0 than at an alkaline pH. 
The filtrate of the culture 3560 was also tested against fungi, and was 
found to contain an antifungal agent that was heat-stable at neutrality. 
Assay of the Antibiotics Produced by No. 3560.—Because of the close 
similarity of the antibiotic produced by culture 3560 and of terramycin, 
the latter was used as a standard for comparing the broth cultures and 
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concentrated preparations of 3560. To determine how the cup assay 
could be adapted to the measurement of this antibiotic, two test organisms 
(Staphylococcus aureus and Bacillus subtilis) were used. The medium was 
adjusted to different pH values, by means of phosphate buffers. B. subtilis 
proved to be a satisfactory test organism and a pH of 7.0 was found to 
be the optimum. As the purification of the antibiotic progressed, it was 
established that the cup assay had two serious limitations: (1) Because 
of the instability of the material in phosphate solution, the standard 
slowly lost its activity, and potency values from such assays were invalid. 
(2) Since the nature of the antibiotic substance produced was not well 
known and the exact composition of the standard prepared from this 


TABLE 2 
INFLUENCE OF INCUBATION OF PLATES UPON THE POTENCY OF AUREOMYCIN, TERRAMYCIN 
AND A CRUDE PREPARATION OF 3560 AGAINST DIFFERENT STRAINS OF FE. coli 
Dilution units per milligram 
3560 
TEST ORGANISM AUREOMYCIN TERRAMYCIN PREPARATION 
Incubation of Plates 18 Hours 
FE. coli ATCC 9637 1500 1500 200 
E. coli ATCC 6522 3000 3000 100 
E. coli 6522 (R)* 200 200 20 
Incubation of Plates 48 Hours 
9637 200 400 50 
6522 200 300 50 
6522R 60 BO 10 
Incubation of Plates 72 Hours 
9637 200 250 20 
6522 200 300 20 
6522R 20 50 0 
“Culture made resistant to aureomycin and terramycin and obtained from Dr. 
Langlykke of E. R. Squibb & Sons. 


culture was also unknown, the interpretation of the results obtained by 
the cup assay became rather difficult. The streak dilution assay was 
found to be the assay of choice at this stage of the work. Five test or- 
ganisms were used for this purpose, comprising three bacteria, /scherichia 
coli, S. aureus, and B,. subtilis, and two fungi, Aspergillus niger and Pent- 
cillitum notatum. 

The spectrophotometric method was found to be highly satisfactory 
for assaying terramycin and the unknown antibiotic.‘ This assay was 
based on the ultra-violet absorption spectrum and the characteristic change 
in spectrum which occurs on heating. When the ultra-violet spectra were 
observed in 0.10 N phosphate buffer solution at pH 7.0, both before and 
after heating for fifteen minutes at 100°C., the two substances proved to 





386 BACTERIOLOGY: KOCHI, ET AL Proc. N. A. S. 


be indistinguishable. The heat treatment destroyed the antibiotic activity 
and resulted in the lowering of the peak at 360 my to 65.6 per cent of its 
original value. The assay was based on the optical density at 360 my of a 
sample of material before and after heat treatment. 

Production of Antilnotics by No. 3560.-—A soybean meal (2;)-starch 
(1%) medium was found most favorable for production of the antibacterial 
antibiotic. It gave 500 to 1000 /:. coli dilution units per ml. of broth. 
Different carbohydrates exerted different effects, starch proving to be 
superior to the others, as shown in table 3. 

As in the production of other antibiotics, aeration is an important factor. 
A study was made of the effect of volume of medium. The smallest amount, 
or 65 ml. per 250-ml. flask, gave a better yield of antibotic than larger 


TABLE 3 


EFFECT OF CARBOHYDRATES ON THE PRODUCTION OF THE ANTIBIOTIC BY 3560 
Basal medium — 2°, soybean hydrolyzate in tap water; 75 ml. per 250-ml. Erlenmeyer 
flask Carbohydrates added to final concentration of 1°; After sterilization the 
medium had a pH of 7.3. Incubation—-shake flasks at 28°C. Assays by cup method 

using B, subtilis as test organism 


CARBOHYDRATE - pH ————CUP ASSAY, UNITS 
DAYS"*> y 4 2 1 5 


Maltose ( 8. 0 116 230 
X ylose 8.: 8! 30 76 270 
36 120 230 
0 U 28 
0 0) 76 
0 76 
144 350 
0 350 
30 54 
34 38 76 
28 34 62 
172 520 


26 12 56 


x 


Arabinose 
Glucose 
Fructose 
Mannose 
Galactose 
Sorbitol 
Sucrose 
Lactose 
Raflinose 
Starch 
Control 


8.: 
Ss 
be} 
Ss 
8 
s 
ba) 
s 
8 


x 


amounts, such as 100 to 120 ml. per flask. The greater the aeration, the 
greater was the production of the antibiotic. When 2-liter Erlenmeyer 
shake flasks were used, with or without baffles, a maximum production of 
500 to 700 /. colt dilution units/ml. of medium was obtained. 

Culture Variations..-A spore suspension of culture 3560 was plated out 
on nutrient agar, and isolated colonies were picked after a suitable period 
of incubation. Four different types of colonies were observed: smooth 
sporulating, wrinkled sporulating, smooth non-sporulating and wrinkled 
non-sporulating colonies. These variations did not appear to have any 
genetic significance, since, upon transfer to fresh medium, all the isolates 
looked and behaved alike. Twenty colonies were selected. They were 
inoculated into flasks containing nutrient broth and into yeast dextrose 
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broth, placed in shaking machines, and incubated at 28°C. The filtrates 
of the different isolates were tested by the cup assay for potency after a 
suitable period of incubation. No marked variations in potency were 
observed between the different colonies. 

Antilnotic Spectrum.-Two antibiotics were produced by 3560. One 
was antibacterial in nature and gave good activity against gram-positive 
bacteria and gram-negative bacteria, as well as mycobacteria, including 


« 


TABLE 4 


ANTIBACTERIAL AND ANTIFUNGAL SPECTRA OF SOLID PREPARATIONS OF 3560 
TEST ORGANISMS DILUTION UNITS MG 
TIME OF INCUBATION OF PLATES, HR.-* 18 is 72 120 


Antibacterial Factor 


E. coli 54 100 30 
E. colt 123 a0) 30 
E. coli 124 5 0 
S, aureus 600 100 
B. subtilis 700 200 
B. mycoides 1000 90) 
S. marcescens 5 0 
Mycobacterium 607 ag 100 

Antifungal Factor 
A. niger 200 
A. nidulans 60 
P. noiatum 200 
P. citrinum 90 
Mucor sp. 100 
Rhizopus nigricans 10 
Fusarium sp. 100 
Chaetomium sp. 100 
Trichoderma sp. 100 
Pullularia sp. 500 
Candida albicans 100 
Tr. mentagrophytes 100 
Cer. ulmi : 200 


* Resistant colonies at high concentrations of the antibiotic 


M. tuberculosis H37Rv; it had no activity upon fungi; it was active 
against feline pneumonitis virus, and had no activity against vaccinia and 
influenza A and B viruses. In general, this antibiotic gave the same 
antimicrobial spectrum that is characteristic of aureomycin and_ terra- 


5, 6 


mycin. 


The second antibiotic produced by 3560 had antifungal properties. In 


this respect, it was similar to rimocidin’ produced by the terramycin- 
forming organism. 

Table 4 gives the antimicrobial spectrum of a preparation containing 
both antibiotics. On further incubation of the plates, one notes the rapid 
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destruction of the antibacterial and the relative stability of antifungal 
factors. This fact could easily be explained by the neutral pH of the agar. 
The antifungal agent has a very wide spectrum, similar to that of rimo- 
cidin (table 5). The antifungal antibiotic was fungistatic toward resting 
cells of Candida albicans, and no striking fungicidal action was observed. 
Extraction of Antilnotics. Both the antibacterial and antifungal anti- 
biotics were soluble in butanol at neutral or alkaline reactions. The 
butanol was concentrated in vacuo and back extracted with 0.10 N HCI; 
the antibacterial factor was thus obtained. The pH of the extract was 
brought to 5.0 by the use of IR4B and the solution freeze-dried. This 
method yielded a solid preparation having 200 to 300 £. coli dilution 


u/mg. and was considered to be equivalent to about 10 to 20 per cent of 


pure terramycin. 

A concentrate of the antifungal factor was obtained by extracting the 
butanol concentrate with 0.10 N NaOH. When the extract was allowed 
to stand in the refrigerator after neutralization, a precipitate could be 


TABLE 5 


ANTIFUNGAL SPECTRA OF 3560 ANTIBIOTIC AND OF RIMOCIDIN 


ANTIFUNGAL FACTOR 
PEST ORGANISM PRODUCED BY 3560 RIMOCIDIN 


C. albicans 100 300 
Saccharomyces cerevisiae 150 400 
Cer. ulmi 150 500 
A. niger 150 500 
P. notatum 300 800 
Trichoderma sp 60 200 


obtained which had only antifungal activity. Both antibiotics were 
easily adsorbed on Norit A at all pH’s, and could be eluted somewhat 
selectively by a mixture of butanol, ethanol, and acid or base. 

The final process for the extraction of the antibacterial antibiotic from 
fermentation broths of 3560 was an adaptation of the methods described 
for the isolation of terramycin.*:* The clarified broth was extracted with 
butanol at a pH of 8.0-8.5 by four successive extractions with quarter 
volumes of solvent. The combined butanol extracts (equal in volume to 
the original broth) were evaporated under vacuo to one-tenth the original 
volume. The temperature of the butanol was not allowed to go higher 
than 35°C. The butanol was centrifuged or filtered from any precipitate 
formed during the evaporation. The clear butanol was then extracted 
six times with one-third volume of 0.10 N hydrochloric acid, and the 
combined extracts were evaporated under vacuo until the butanol was re- 
moved as evidenced by a tendency of the solution to foam. To the aqueous 
dilute acid solution was added the sodium form of the amberlite resin 
IR45 in the proportion of 7.5 ml. for each 100 ml. of 0.10 N HCI originally 
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used for the extraction. The suspension was occasionally stirred and 
was allowed to stand overnight. Stirring was resumed in the morning 
and the mixture filtered when the pH reached the range of 4-5. The 
filtrate was then evaporated under vacuo to a small volume and lyophilized. 
If foaming occurred during the evaporation, it could be controlled by the 
addition of small portions of butanol. 

The solids obtained by this process ranged from 150-250 /. coli units, mg. 


or 10-20 per cent terramycin equivalent by spectrophotometric assay. 
The yield was about 200 mg. of solid having a potency of 250 /. colt units 
per milligram for each liter of broth processed. This was based on a broth 


having a streak dilution assay of around 500 « mil. 

Physical and Chemical Properties of Antibiotics Produced by No. 3560. 
The antifungal factor was more stable at neutrality than at an acid pH. 
This property differentiates the two antibiotics, and permits their recog- 
nition as separate entities. 

Both antibiotics are insoluble in ether, slightly soluble in acetone, and 
soluble in methanol, ethanol, butanol and ethylene-glycol. The antifungal 
factor can be brought into solution easily at an alkaline reaction and pre- 
cipitated at neutrality from a concentrated solution. It is very possible 
that the selective destruction at an alkaline or at an acid pH gives the 
false impression that the antibacterial substance is acid-soluble and the 
antifungal alkali-soluble. However, both are less soluble at neutrality.* 

A product wag isolated in crystalline form both as the dihydrate, m.-p. 
184° (dec.), and the hydrochloride, m.-p. 213° (dec.). These values are 
in close agreement with the melting points of the corresponding derivatives 
of terramycin. The infra-red absorption spectrum of the hydrochloride 
of the 3560 antibacterial agent is indistinguishable from that of terra- 
mycin hydrochloride. Supporting evidence for the identification of the 
3960 antibacterial agent as terramycin is given by antibacterial spectra, 
ultra-violet absorption behaviors and paper strip chromatography. 

The antifungal antibiotic had the same ultra-violet absorption spectrum 
as rimocidin and a similar antibiotic spectrum. 

Description of Culture No. 3560,—Culture No. 3560 producing the 
antibacterial (terramyein) and antifungal (rimocidin) antibiotics, was 
found to be closely related to the S. rimosus described by Sobin, ef al.,* 
and appeared to belong definitely to what might be called the S. flavus 
group of actinomycetes. This group of organisms might be characterized 
by the production of a brownish to yellowish growth on various media, 
with a white to gray aerial mycelium. Their most characteristic property 
is their ability to form a soluble greenish yellow to golden pigment in the 
medium. As many as seven organisms of the S. flavus type are listed in 
the last edition of Bergey's Manual (.S. flavus, S. flaveolus, S. flavovirens, 
S. microflavus, S. albidoflavus, S. alboflavus, S. griseoflavus) and a number 





390 BACTERIOLOGY: KOCHI, ET AL. Proc. N. A. S. 


of other related or incompletely described forms. An organism designated 
as S. flavus has been described at least five times by different investigators. 
These may be listed in the following chronological order: Chester, San- 
felice, Krainsky, Waksman and Curtis, and Millard and Burr. Some of 
the recently described antibiotic-producing organisms, including such 
important species as S. aureofaciens and S. rimosus, the aureomycin- and 


terramycin-producing forms, respectively, belong to the S. flavus group. 

The culture No, 3560 may be briefly described as follows: 

Morphology: Straight aerial mycelium. Abundant branching. No 
curvatures. No spirals. 

Synthetic (Csapek’s) Agar: Thin, cream-colored growth, developing at 
first slowly, later becoming abundant, much-folded or lichnoid; reddish 
brown to orange in color. Some of the growth is submerged to form deep 
colonies. The vegetative growth gradually becomes covered with a pow- 
dery white aerial mycelium, appearing first over the drier edge of the 
growth or in the form of thin white patches. When the culture becomes 
older (3 to 4 weeks at 28°C.), a faint bluish zone appears around the edge 
of the growth. A faint yellowish soluble pigment is produced in the 
medium on prolonged incubation, It is to be noted that in the description 
of S. rimosus, it is recognized that no growth was obtained on synthetic 
agar. This is probably due to the fact that frequently little or no growth 
is obtained, especially if the agar is not carefully prepared. 

Dextrose-Asparagine Agar: ‘Thin, light growth, developing deep into 
the medium, with a smooth dry surface; it is at first cream colored, be- 
coming brownish to orange-brown with age. Aerial mycelium is white 
and scanty, covering the upper, drier portions of the growth on agar slants. 
Light yellowish-golden soluble pigment produced in the medium. 

Veast-Dextrose Agar: Growth much more rapid than in synthetic media; 
it is lichnoid in appearance, cream to brownish colored. It is completely 
covered with a thin white aerial mycelium that appears at an early stage 
of growth, later tending to become grayish. Soluble yellowish pigment. 

Nutrient Agar: Cream colored growth covered with thin white aerial 
mycelium. No soluble pigment. 

Milk: Cream colored to yellowish growth covered with thin white 
aerial mycelium. Milk rapidly peptonized without previous coagulation. 

Potato Plug: Growth rapid and abundant; much-folded and lichnoid; 
at first cream colored to brownish, gradually becoming reddish brown. 
Powdery white to gray aerial mycelium, mostly over lower portion of 
growth. No soluble pigment. 

Coagulated Egg Slant: Abundant, brownish, lichnoid growth. Thin 
white aerial mycelium. Brownish ring around growth. Slow destruction 
of the egg-albumin. 
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Coagulated Serum Slant: Cream colored to light brown thin growth. 
Thin white aerial mycelium. Slow destruction of serum. 

Gelatin: Cream colored to brownish growth in the form ot colonies on 
surface and in a submerged condition in the gelatin. Surface of growth 
is covered with white aerial mycelium. Gelatin is liquefied slowly. No 
brown soluble pigment, only a faint yellowish coloration of liquefied 
portion. 

Carrot: No growth. 

Starch Agar: Limited cream colored growth, with deeper brown center. 
No aerial mycelium. Limited hydrolysis of starch. 

Summary.—A culture of an organism, isolated from a Texas soil, was 
found to produce two antibiotics, an antibacterial agent identical with 
terramycin and an antifungal agent identical with rimocidin. The culture 
was found to belong to the Streptomyces flavus group and was nearly iden- 
tical with S. rimosus. 
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terramycin; to Dr. Ruth E. Gordon, of this Department, for help in 
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Tk RELATIONSHIP BETWEEN PHOTOSYNTHESIS AND 
NITROGEN FIXATION* 
By E. S. Linpstrom,t J. W. Newron anp P. W. WILSON 


DEPARTMENT OF BACTERIOLOGY, COLLEGE OF AGRICULTURE, UNIVERSITY OF WISCON 
SIN, MADISON 


Communicated by E. B. Fred, March 21, 1952 


In 1934 Fred and Wilson! called attention to a correlation between 
photosynthesis and nitrogen fixation in leguminous plants. Though based 
on a variety of experimental findings, the correlation was primarily an 
empirical observation since the biochemical methods available were not 
adequate for a direct test of the interdependence, if any, between them. 
Recently, we have undertaken such a direct test with two new experimental 
developments that promise greater hope for success than was possible with 
the relatively crude techniques of nearly 20 years ago. These are the use 
of N" for detection of nitrogen assimilation and the discovery that photo- 
synthetic bacteria fix nitrogen.” * The isotopic method provides a test 
with a sensitivity up to 100 times that of the conventional Kjeldahl method, 
and the photosynthetic bacteria furnish an agent that is somewhat more 
readily handled than legumes or nitrogen-fixing blue-green algae. Specifi- 
cally, we have sought an answer to the questions: does nitrogen fixation 
occur in the absence of photosynthesis, and if so, what is the quantitative 
relationship in comparison with that in its presence. 

E:xperimental...'The surface of the seeds of Trifolium pratense (straw- 
berry red clover) were sterilized by immersion in 1: 1000 HgCl. After six 
rinsings with sterile distilled water, they were germinated for 48 hours on 
moist filter paper in sterile Petri dishes, and then five to seven seedlings 
transferred to tubes (3 & 16cm.) containing sterile quartz sand. The seed- 
lings were covered with a thin layer of sand, watered with a nitrogen-free 
nutrient solution’ and inoculated with a culture of Rhizobium trifolium 200. 
The culture tubes were topped with a standard taper joint that could be 
fitted on a gas manifold. After 4 to 6 weeks’ growth under controlled con- 
ditions, the plants were ready for use, the uninoculated controls showing 
typical symptoms of nitrogen starvation. The plants were either darkened 
by covering the tubes with lead foil, or the tops were removed at the sand 
level with curved surgical scissors. After a suitable period of pretreatment, 
these tubes plus the illuminated inoculated and uninoculated controls were 
placed on the marifold and gassed with an atmosphere containing excess 
N,". After | to 3 days’ incubation at 25°C., during which only the positive 
(inoculated) and the negative (uninoculated) controls were illuminated, the 
intact plants or the remaining roots were washed from the tubes and sub- 
jected to routine analyses for N' content. 
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As controls for the effect of light on the uptake and incorporation of 
nitrogen independent of fixation, other tests were made in which (N!°H,4).SO, 
was added to the tubes of similarly predarkened plants. At the conclusion 
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The effect of predarkening on the fixation and incorporation of NY by Trifolium 
pratense. The control plants were treated in the light, the experimental plants in the 
dark. Five plants per treatment. N» supplied was 32 atom per cent excess N” for 
fixation experiments. For incorporation experiments 5 mg. (NH,)eSO,-N (32 atom 


per cent excess N') supplied per five plants 


of these experiments, the plants were washed from the tubes, rinsed six 
times in distilled water, and analyzed for N" content. To determine 
NH,* uptake, the N® content of the piants was determined without further 
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treatment. To determine NH,* incorporation, the plants were hydrolyzed 
with 6 N HCI in closed tubes in the autoclave (120°C.) for five hours, the 
hydrolysate made alkaline and steam distilled to remove the ammonia and 
amide nitrogen, and the residuum analyzed for N”. As a control for 
removal of all NH,*—N in the hydrolysate, 1 mg. of N'4Hy*—N was 
distilled over after the primary distillation was complete. Analysis of this 
distillate for N° confirmed complete removal. 

Rhodospirillum rubrum S1 were grown anaerobically in the light at 25°C. 
for 4 to 6 days in a medium of: DL-malic acid, 3.5 g.; L-glutamic acid: HCI, 
5.0 g.; sodium citrate-2H.O, 0.8 g.; MgSO,-7H.O, 0.2 g.; KeHPO,, 


TABLE | 
NITROGEN FIXATION BY DECAPITATED OR PREDARKENED Trifolium pratense 


-~ 


ATOM PER CENT uG N PIXED/7 PLANTS 
TREATMENT ExcESs N! (CALCULATED) 


Experiment I” 
Inoculated always in light +0.93 27 
+1.40 49 
Inoculated decapitated at time +0. 580 23 
of exposure to N® +0. 166 6 
Inoculated predarkened for 6 +0.477 21 
hours and for the course the experiment 
Uninoculated —always in the light +0. 005 
Experiment 11° 
Inoculated —always in the light +0. 826 
Inoculated—decapitated at time of ex- +0. 208 
posure to N® +0.120 
Inoculated -predarkened for 2 hours and +0). 254 
the course of the experiment 
Uninoculated—always in the light +0. 005 
* 7 plants per treatment. 0.4 atm. of 70% N, (28.5 atom per cent excess N™), 20% Os, 
10°, CO». Incubated 36 hours at 25°C. 
*7 plants per treatment. 0.3 atm of 75% N:» (32 atom per cent excess N™), 25% Oy. 
Incubated 48 hours at 25° C. 


1.0 g.; CaSO,, 0.1 g.; Difco yeast extract, 0.5 g.; distilled water, 1 liter; 
pH adjusted to 7.0 with 6 N NaOH before autoclaving. The cells from 
10 ml. of this medium were centrifuged and resuspended in 25 ml. of medium 
of KeHPO,, 1.2 g.; MgSO4-7H2O, 0.2 g.; CaSO,, 0.1 g.; DL-malic acid, 
3.5 g.; biotin, 20 wg.; MO, 0.01 mg.; distilled water, 1 liter; pH adjusted 
to 7.0 with 6 N NaOH before autoclaving. Such cultures were incubated 
in the light and dark in atmospheres containing N2" at 30°C. for 3 to 5 days. 

Results.-The results of the plant experiments are summarized in figure 1. 
Any quantitative comparisons of the fixation by predarkened plants should 
exclude the value of the light control since this depends on the length of 
the experiment. 
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Fixation of nitrogen can take place in the dark though at decreasing 
rates as the period of predarkening is increased. The incorporation of 
externally applied N'’H,* into the protein N of the plants is also affected 
by predarkening though to a lesser extent. In an experiment to determine 
the effect of predarkening on the uptake of N'°H,*, the following data were 
obtained: 24 hours predarkening, 3.25 atom per cent excess N'; 10 hours, 
1.61; 5 hours, 2.83; O hour, 2.45; light control, 4.30 atom per cent excess 
N'. From these data it can be seen that the uptake of NH,* is even less 
light dependent. Table | presents data to show that plants decapitated 
before exposure to N," can also fix nitrogen. 

In an experiment with R. rubrum, the cultures were incubated for 72 
hours under 0.2 atm. of a gas mixture of the following composition: 75% 
No» (32 atom per cent excess N"™) and 25% Oy. The culture incubated in the 
light assayed 9.78 atom per cent excess N"; the one in the dark assayed 
0.104. Therefore R. rubrum will fix nitrogen aerobically in the dark at a 
rate of about 1°, that in the light. This agrees well with the level of 
fixation reported by Gest, Kamen, and Bregoff? for anaerobic dark fixation. 

Discussion. Nitrogen fixation ts dependent on photosynthesis both in 
7. pratense and R. rubrum, but the available data permit only suggestions 
of possible mechanisms of dependence. Since both organisms utilize 
NH,*-N in the dark, it is not lack of demand for fixed nitrogen that is 
limiting fixation to an equilibrium value. The relationship is probably 
that of a photosynthetic intermediate and/or a direct product of photo- 
synthesis necessary for nitrogen fixation. 

From the data it is evident that predarkening the clover plants for 24 
hours w.ll completely stop nitrogen fixation. In contrast, Rhodospirillum 
rubrum grown heterotropically and aerobically in the dark and then ex 


posed to N," in the dark fixes nitrogen at the same level as do photosyn- 


thetically grown cells exposed to N»" in the dark. Thus, the bacteria ap- 
pear to have a non-photosynthetic mechanism that can supply at a low 
level whatever is necessary for nitrogen fixation. Possibly some form of 
reducing power created through photosynthesis is necessary for fixation 
and to a less extent for incorporation of nitrogen. It should be noted that 
fixation falls off in darkened R. rubrum much more rapidly than im dark- 
ened 7. pratense. The low value for dark fixation by R. rubrum has been 
consistently observed and has defied our attempts to increase it. 

Summary. Both Rhodospirillum rubrum and inoculated plants of 771- 
folium pratense assimilated molecular nitrogen in the dark under aerobic 
conditions, though at a rate much slower than in the light. Although a 
definite interdependence between nitrogen fixation and photosynthesis 
exists in both organisms, dark fixation was of much less magnitude in 
R. rubrum, 
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OXIDATION-REDUCTION POTENTIALS OF THE 
DIPHOSPHOPYRIDINE NUCLEOTIDE SYSTEM* 


By F. LEE RopkKEY AND Eric G. BALL 


DEPARTMENT OF BIOLOGICAL CHEMISTRY, HARVARD MEDICAL SCHOOL, 
Boston 


Communicated March 20, 1952 


Since the discovery of diphosphopyridine nucleotide (DPN) and its 
implication in biological oxidative mechanisms, many attempts have been 
made to estimate the oxidation-reduction potential of the system formed 
by this compound and its reduction product. The majority of the poten- 
tial values reported in the literature are calculated from data on the 
equilibrium constants for reactions involving DPN and various enzyme- 
substrate systems." ®* !® Such calculations require a knowledge of the 
oxidation-reduction potential or free energy change for the substrate system 
which in some cases is not too accurately known. Moreover in many 
cases the equilibrium constants for these reactions are of a magnitude 
which is not favorable to their exact determination. The only report 
of direct measurement of the oxidation-reduction potential of this system 
is the colorimetric technique used by Ball and Ramsdell.2* In view 
of the above considerations, it is not surprising that the values reported 
for the /y’ of the DPN system at pH 7.0 range from —0.26 to —0.35 volt. 

It is our purpose to present in this paper what is believed to be the 
first potentiometric determination of the oxidation-reduction potential of 
the DPN system. 

E-xperimental.—A pparatus: The apparatus used has been previously 
described.'* Gold-plated platinum electrodes were used with a saturated 
calomel electrode as reference half cell. The potential of the saturated 
calomel half cell was established by measurement against the hydrogen 
electrode in standard buffer solutions of the type suggested by Hitchcock 
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and Taylor.* '° The pH values of the buffers used in this study were 
determined with a hydrogen electrode. All potential measurements were 
made with a Leeds and Northrup No. 7660 potentiometer. 

Xanthine Oxidase: This enzyme was prepared from cream according 
to the method of Ball.! 

Mediators: Phthiocol, safranine T, and benzylviologen were all tested 
as mediators. Safranine T was the only dye which functioned satisfac- 
torily in the present system. 

Procedure and Results.—Several reductive titrations of DPN using 
dithionite (NaS2O,4) as reducing agent were attempted. Potential meas- 
urements in these titrations even when a mediator was present were never 
satisfactory. Oxidative titrations of reduced DPN were therefore per- 
formed. In these titrations use was made of the observation of Ball and 
Ramsdell*® that milk xanthine oxidase was able to catalyze the interaction 
of reduced DPN and certain electromotively active dyes. Solutions of 
1 X 10°* molar DPN were prepared in 0.1 molar phosphate buffers. 
The solution was freed of oxygen by equilibration with nitrogen. Solid 
dithionite was added and the solutions shaken at 38° for 30 minutes. 
Following this period of reduction, the excess dithionite was destroyed 
by passing oxygen through the solution. A 10-ml. aliquot of the reduced 
DPN solution was then placed in the titration cell and the oxygen removed 
by passing pure nitrogen over the solution. A fresh solution of safranine T 
prepared in the same buffer was then added in such a manner that the 
safranine T concentration was approximately 5 per cent of the concentra- 
tion of DPN. The combined DPN-mediator solution was again equili- 
brated with pure nitrogen until all oxygen had been removed. Finally, a 
buffered solution of xanthine oxidase was added to the cell as nitrogen 
continued to flow. 

When the potentials registered by two gold-plated electrodes became 
nearly equal and stable, titration with potassium ferricyanide solution 
was begun. After each increment of oxidizing agent equilibrium was 
assumed to be reached when the potentials at both electrodes agreed and 
were stable. All data obtained in the titrations were calculated by the 


method of Reed and Berkson'’ in order to establish the asymptotes of the 


titration curves as accurately as possible. Results of the titration of re- 
duced DPN at pH 7.91 and pH 7.32 are given in table 1. It will be ob- 
served that in both titrations the DPN was not completely in the reduced 
form at the start of the experiment. This is probably due to incomplete 
reduction of DPN in the preliminary dithionite treatment. This, how- 
ever, introduces no difficulty when the data are to be treated by the method 
of Reed and Berkson. It should be noted that the question of the absolute 
purity of the DPN sample is also not involved. 

Discussion.—It is apparent from the above titrations that in this pH 
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range the potentials observed during the oxidation of reduced DPN corre- 
spond very well with the theoretical potentials expected for a reversible 
bivalent oxidation. These data would indicate that if the oxidation of the 
reduced nucleotide proceeds with the formation of a stable semiquinone 
intermediate, it cannot be detected potentiometrically at these pH values. 
Experiments are in progress to extend these observations to more acid 
and alkaline regions. 

It may be calculated that the slope of the /y’: pH curve established by 
these titrations is —0.029 volt per pH. ‘This is very close to the theoretical 
slope of —0.030 volt per pH at 30° observed for a reversible bivalent 


TABLE 1 
OXIDATIVE TITRATIONS OF REDUCED DPN 
(7 30 Other conditions as given in text) 


AMOUNT OF OXIDIZING AGENT 
c.MM 


, 


OXIDA i) Eo DEVIATION 
CORRECTED TION GQBSERVED), (CALCULATED) ,@ PROM 
TOTAL ¥y , d) % v Vv AVERAGE, V 


i) 2 11 66 —(). 2937 —0 2890 —0 QOO7 
10 3! 58.31 0. 2847 0. 2891 —0 0008 

75.00 0. 2737 0. 2880 0003 
30 iY, 91.66 0.2557 0 2870 OO13 


2883 
26.00 3187 3051 —0 0004 
1600 3077 3056 —0 O009 
56.00 S013 3044 +0. 0008 
76.00 2887 3037 +0. 0010 


06.00 2577 2992" 


Av. —0.3047 


Calcul lf ! i EK , 301 1 nse 
® Caleulated from the equation: ky, = By’ + 0.0801 lo . 
— aiid ® DPN —-H 


rear ; 
Not included in average. 


system when the reductant contains one more proton than the oxidant. 
This is in accordance with the results of Clark® that the reaction in this 


pH range is to be written as follows 
DPN—H =: DPN+ + 2e- + H? 


Using the theoretical slope of —0.030 volt per pH, the /)’ at pH 7.0 
calculated from these results is —0.278 volt at 30°C. Values of —0.280 
volt calculated by Borsook* and of —0.27 volt calculated by Green and 
Dewan* compare favorably with this result. The values of —0.302 volt 
eileulated by Clark? and of —0.320 volt calculated by Burton® are not in 
as good agreement. The reason for these discrepancies is not clear. How 
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ever, it should be pointed out that the data presented here may be in error 
due to the use of dithionite in preparing the reduced form of the DPN 
since Meyerhof, ef al.,!* have reported that bisulfite may add to the pyr- 


idinium ring. Hence these experiments should be repeated with DPN 
reduced enzymatically. On the other hand questions may be raised con- 
cerning the validity of the values calculated from equilibrium studies as 
mentioned earlier. Moreover, the recent studies of Theorell and Bonnich- 
sen!® '7 on the change in the absorption spectrum of reduced DPN when 
it combines with the apoenzyme of alcohol dehydrogenase are thought- 
provoking in connection with such equilibrium studies. 

Summary.—\. The potentiometric measurement of the oxidation- 
reduction potential of the DPN system has been carried out at two pH 
values. This was accomplished by titration of reduced DPN with potas- 
sium ferricyanide in the presence of an activating enzyme, xanthine oxidase, 
and an electromotively active dye, safranine T, as mediator. 

2. The potentials observed during the oxidation of reduced DPN at 
pH 7.32 and 7.91 correspond very closely to the theoretical potentials for 
a reversible oxidation involving two electrons. 

3. In this range of pH the slope of the /o’: pH curve is —0.029 volt 
per pH indicating that the reaction proceeds according to the equation: 


DPN—H = DPN*t + 2e- + Ht 


{. From the data presented here, the /y’ for this system at pH 7.0 is 
calculated to be —0.278 volt at 80°C. 


* This work was supported in part by funds received from the Eugene Higgins Trust 
through Harvard University. 
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ON THE DISTRIBUTION OF CHARGE IN THE CO BOND OF CO.*' 


By HARRISON SHULL 
DEPARTMENT OF CHEMISTRY AND INSTITUTE FOR ATOMIC RESEARCH, 
Iowa STATE COLLEGE, AMES, IOWA 


oO 


Communicated by Robert S. Mulliken, March 1, 1952 


Introduction. It has been found convenient in the past to consider 
dipole moments of molecules as derivable from certain vector ‘‘bond 
moments’ whose values are either transferable from molecule to molecule 
or at least are calculable from the relative electronegativity values assumed 
for the atoms forming the bond. ‘‘Bond moments” of this sort may be 
termed ‘empirical or semiempirical. From a different viewpoint, one can 
start with one of the commonly used theoretical treatments of molecules, 
usually either the valence bond method or molecular orbital method, and 
compute dipole moments directly from the approximate wave functions 
derived from one of these methods. Such an approach may be classed as 
theoretical or semitheoretical. In the valence bond method, dipole mo- 
ments have been interpreted frequently as indicating the percentage of 
ionic character of a bond or ionic structures contributing to the ground 
state, although Mulliken! many years ago pointed out that homopolar 
bonds of themselves frequently have considerable dipole moments (e.g., 
ref. 2). It has been only rather recently*~* that the very large magnitude 
of the contributions of non-bonding electrons to the dipole moment has 
been properly realized. Whenever the non-bonding electrons occupy 
hybridized orbitals, the contribution of the resulting asymmetrical charge 
distribution may outweigh completely that computed from the bonding 
electrons alone or that obtained from the inclusion of ionic structures. 

The molecular orbital method takes care of unequal distribution in 
charge by adjusting the coefficients of the atomic orbitals (AO) entering 
into the LCAO form of MO theory. Indeed, Mulliken! suggested the 
arbitrary use of these coeflicients for assigning electrons as “‘belonging”’ 
to individual nuclei in diatomic molecules. The method is essentially to 
attribute to each atom the charge corresponding to the squares of the 
coefficients of AO on that atom plus one-half the overlap contribution 
between atoms. This method of assigning a charge distribution is an 
arbitrary one designed for use as a convenient “bookkeeping”? method for 
electronic charge in a molecule? If one attempts to use the resulting 
charge distribution as a measure of “bond moments” or dipole moments, 
one must be careful to include terms for the “homopolar dipole’? men- 
tioned by Mulliken! and for the atomic dipole.*~® 

In this paper we make use of the self-consistent-field (SCF) MO com- 
puted by Mulligan’ for CO.. The molecule is arbitrarily cut in half by a 
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plane perpendicular to the symmetry (Z) axis at the carbon atom, and 
the average electron Z distance from this plane is computed for each MO. 
The results of these computations are combined to give the total electrical 
asymmetry® of the bond expressed in terms of a charge distribution in 
which net charges are assigned to the equilibrium nuclear positions such 
that the moment arising from these net charges is equal to that found by 
computation. We will refer to such an arbitrary distribution as an ‘equiva 
lent’ charge distribution. The results obtained in this manner are com 
pared with those obtained by other methods and the discrepancies are 
discussed in detail. 

Method of Calculation. For each MO, ¢;, the average electron position 
in the positive Z (right-hand) half of the CO, molecule was computed by 


actual integration over one-half space. 


Z= Sohoidry/ [oe dr, (1) 


For convenient reference, Mulligan’s final SCF LCAO MO are tabulated 
in table | together with the results of the present computations derived 
from them. The notation is identical with that used by Mulligan,> and 
the reader is referred to his paper for complete details of parameters, 
conventions, and assumptions adopted in his calculations. One should 
particularly point out that 2po-orbitals on each atom have been taken 
with positive lobes all to the +2 direction, and that the primed oxygen 
(to which the primed AO belong) is on the +2 axis, the origin betng the 
carbon atom. 

The dipole moment integrals of form similar to that given in (1) above, 
but integrated over all space, are expressible easily by well-known standard 
methods in closed form. Equation 1, however, requires integration over 
only the positive Z portion of space. This results in difficulties for some 
of the integrals over AO which as a result could not be expressed in closed 
form. These integrals were evaluated by mechanical quadrature. Details 
of the integrals encountered and numerical values are given in the Appendix. 

Discussion of Results. From column three of table 1, one can derive 
an equivalent charge distribution for the CO. molecule based on the method 
suggested here. The sum of the average charge position in each MO 
totaled for all 11 MO yields a total negative moment of 19.872 atomic 
units (a.u.). (The summation over charge average positions gives the 
negative moment directly since the +Z portion of each MO, the only 
portion considered, is occupied by just one electron.) The positive moment 
due to the eight plus charges of the oxygen nucleus at a distance of 2.195 
a.u. from the origin is a total of 17.560 a.u. This leaves a net moment of 
~ 2.312 a.u., which can also be obtained from, and hence is represented by, 
the equivalent charge distribution 
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—1.05 +2.10 —1.05 (2) 
O C O . 
in which the figures are electron charges and the CO distance is the equi- 
librium value of 2.195 a.u. 

First of all, one must comment on the surprisingly large value of the 
equivalent charge in the distribution (2). It seems rather unlikely that 
such a polar distribution actually exists in the molecule (based on our 
usual concepts of the meaning of these figures). One factor making this 
asymmetry abnormally high is that the carbon electron distribution for 
the carbon atom in its valence state gives a large contribution to this 
asymmetry, since electrons on the carbon atom in the +Z region have a 
positive average position. That is to say, there is a significant contribu- 
tion from terms like S sLs- dr. which can hardly be interpreted as 
“jonie’’ character of a CO bond. Column four of table | lists contribu- 
tions from terms of this form to the calculated negative moment. (Thus, 
0.075 for lo, arises from (0.32)? f's.Zs. dr. For values of the integrals, 
see the Appendix.) The sum of these terms accounts for more than half 
of the net asymmetry. If one subtracts these terms, one is left with a net 
equivalent distribution of 


-0.40 +0.80 —O0.40 


O Cc O (3) 


which seems a more reasonable one. Of course, one must still acknowledge 
the fact that this off-center electron distribution of the carbon atom exists 
as calculated, and it is interesting to see how large a contribution it makes. 
No similar term of any magnitude arises in the present computation from 
the oxygen atom, since practically all of its contributed electron density 
is to the right of the carbon atom. This is seen by adding up terms due 
to the left-hand oxygen for portions of its electron cloud occurring to the 
right of the carbon atom. The total from this source is only 0.018 a.u., 
quite negligible in comparison with the terms arising from the carbon 
(1.486 a.u.). 

The remaining asymmetry of charge arises from essentially two types of 
sources. These are, respectively, the ‘“‘atomic dipole’ terms arising from 
hybridization of s and ¢ orbitals on the oxygen, and from terms arising 


from overlap of carbon and oxygen orbitals. The average electron position 


receives a considerable contribution from the atomic dipole terms; for 
example, f°s’Zs’ dri. has a considerable positive value. Terms of this 
kind contribute —0.256 a.u. to lo,, +0.596 to 20,, —0.106 a.u. to lo,, 
and +0.601 a.u. to 2e,, for a total of 0.835 a.u. contribution to the negative 
moment. This atomic dipole contribution corresponds to —0.38 electron 
charges on the oxygen atom, and hence is of the same magnitude as the 
resultant distribution (3). One is left with an essentially neutral equiva- 
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lent charge distribution arising from the overlap terms. The neutrality of 
this distribution is a fortuitous circumstance and cannot be expected to be 
of general occurrence since it represents the cancellation of several rela- 
tively large terms in itself. 

The above analysis of the origin of the asymmetrical charge distribution 
in the CO bond of CO, does not, however, lend itself to our ordinary 
concepts of polarity of a bond, and it seems of interest to explore this as- 
pect a little more from the point of view of the calculation reported here. 
One is interested in defining a type of equivalent charge distribution 
which will express this polarity in a quantitative fashion. One possible 
distribution that one might use for this purpose is the molecular orbital 
coefficient distribution mentioned above. It has been pointed out already 
that some authors have interpreted the charge distributions obtained from 
the coefficient method as indications of bond polarity. Since the method 
by its very nature cannot take into account either the atomic dipole con- 
tributions or the unsymmetrical location of overlap charges, it seems to be 
unsuitable for the present inquiry (although their correlation with electro- 
negativities has been quite successful'). In CO, it may be pointed out, the 
coefficient method leads to an equivalent distribution of 


—0.20 +0.40 —0.20 


(4 
O- C O. , 


It would appear, however, that some extension of subtracting off the 


atomic contributions as introduced above might lead to figures representa- 
tive of polarity induced by molecule formation. In the subtraction process 
above, the carbon atom contribution as it existed in the molecule was de- 
ducted from the total moment. One can attribute the remaining moment 
to the polarity arising from the formation of a molecule from the con- 
stituent atoms in the valence states in which they exist in the molecule. 
This does not seem to be the most useful manner of looking at bond polarity 
for the particular valence state to which the carbon atom is taken is a 
function of the electronegativity of the oxygen in its molecular valence 
state. Hence, if one is interested in the polarity resulting from bond 
formation, one must also be interested in the process of going from some 
standard state to the molecular valence state. 

It seems more logical therefore to consider the polarity of a bond as 
compared with that which would arise from a neutral carbon atom and a 
neutral oxygen atom in some particular standard states. Such a polarity 
might in principle be comparable from one molecule to another (assuming 
that one is able to make an equitable division of space among bonds"). 
Possible standard states that one might consider are the ground state, 
3P, s*p’, the valence state V4, sxyz or the hybridized valence state V4, 
didi’ xy. 
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It is of interest to examine quantitatively these alternatives in the case 
of CO, From table 1, it is easily computed that the subtraction actually 
made corresponds to one electron in the c orbital, 0.26 electron in the s, 
orbital (0.322 + 0.40%), 0.68 electron in the z, orbital, and 0.28 electron in 
each of the x, and y, orbitals. This totals 2.50 electrons in the right-hand 
side of the carbon atom, or 5.00 electrons in all. Effectively, then, we have 


TABLE 1 


AVERAGE ELECTRON POSITION IN THE +Z REGION OF THE CO, MOLECULE® 


CARBONE NET 
AVERAGE CONTRI AV 
MOLECULAR ORBITAL! POSITION BUTION POSITION 


71 (0 j 2.195 000 2.195 
132 132 0.000 
164 O75 5389 
416)7 117 2.350 
204 000 2.204 
204 O00 2 204 
195 O00 2.195 
548 300 248 
3438 488 855 
560 162 B98 
560 162 398 


18 (5 
51 (s 
71 (x 
71 (y 
71 (0 
38 (5 ‘ GO: 15 i 
64 (5s 5 + 0.37 ( 
19 (x + x’) + 0. 53x, 
19 (y + y’) + 0.534, 


— bo bw bo bo 


— = bS 


872 1.436 136 


Total 


“In atomic units 
* From Mulligan, reference 8. See this paper for notation, parameters, etc. 
¢ Contribution from carbon atom due to off-center distribution of its charge. 


text of this paper for further details. 


TABLE 2 
Net OxyYGEN CHARGE IN ELECTRON UNITS AS A FUNCTION OF CARBON STANDARD STATE 
Usep, See TEXT FOR FURTHER DETAILS 
AVERAGE ELECTRON NET 


POSITION OF STANDARD AVERAGE NET 
MOMENT CHARGE 


CARBON STANDARD STATE STATE 
52g 1.36 y-0. 28 0.66 1.436 876 —0.40 

+ 2,)/3'/2]? 1.630 682 —0.31 

1.437 875 —(0.40 

1.726 586 —().27 

1.650 662 —(0.30 

2.012 . 300 —0.14 


subtracted off a Ct atomic contribution as being the molecular valence 


state contribution of the carbon atom. 
If one uses the carbon contribution in the *P ground state, c’s,? [x_ + 
ve + 2,)/3 "|, the contribution is 1.630 a.u. as compared with 1.436 


tracted in table 1. Other possible choices as well as these mentioned here 
are listed in table 2. Of those listed, it is hard to find any logical justifica 
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tion for the use of C, D or F. They are included as an indication of how 
the contribution varies from one configuration to another. The spherically 
symmetrical distribution / corresponds to the carbon atom in its Vy 
valence state.!! 

One should consider a similar analysis for the oxygen atom. In the 


present case, however, the oxygen presents no problem. Effectively the 


entire oxygen electron distribution is to the right of the dividing plane. 
Hence the subtraction of the moment contributed by the oxygen in any 
state with a spherically symmetrical charge distribution is numerically 
equivalent to the inclusion of the positive moment from the nuclear charges. 
The net moment due to molecule formation from carbon and oxygen stand- 
ard states is thus obtained by subtracting the carbon contribution in its 
standard state from the total net moment. The electron charge on the 
oxygen nucleus in the equivalent charge distributions resulting from the 
use of different carbon standard states is tabulated as the last column of 
table 2. 

The two most reasonable standard states of those listed in table 2 are B 
and E. These are fortuitously of very nearly the same total contribution, 
and hence we can refer to the net moment of molecule formation without 
having to make a final choice of state. This final equivalent distribution 
with —0.30 electron charge on the oxygen is almost midway between the 
estimate of Mulliken!? who placed —0.57 on the oxygen and that of 
Moffitt'® who suggested the distribution was essentially non-polar. Mulli- 
ken’s estimate is partly based on the coefficient method, and as indicated 
above, one should not expect agreement since the atomic dipole terms are 
included in a different manner in the present analysis. Moffitt reached his 
conclusion from the assumption that most of the heteropolar character 
of the bonding must arise from the electrons. He reasoned that since the 
electroaffinities of the 2po oxygen orbital and an appropriate hybridized 
carbon o orbital are about equal (differing much less than the correspond- 
ing m orbitals), and since the o electrons are also less polarizable than the 
r electrons, then the ¢ contribution to the heteropolar character must be 
negligible compared to the r contribution. 

One can possibly consider the relative x and o contributions to the total 
moment in the following light. The A(o,), A*(o,), A(o,), Iw,, and Ix,*MO 
are essentially localized MO since there is little or no interatomic over- 
lapping involved in these orbitals. If one subtracts the contributions these 
make to the negative moment as well as subtract the carbon moments 
(Case A of table 2), one is left with a total of 9.638 a.u. from the remaining 
six electrons in the other six orbitals. Of this total 2.796 a.u. is contributed 
by the two 7 electrons. Per electron, the m contribution is 1.398, the a, 
1.710. Hence the r electrons contribute considerably less than their share 
of the moment due to molecule formation. In subtracting off the localized 
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MO, one might also subtract a corresponding nuclear charge for each one. 
If this is done, one has left a total of four plus charges on each of the oxygens 
and four on the carbon to balance the six electrons remaining to be con- 
sidered in each half of the molecule. This yields a total positive moment 
for the right-hand side of the molecule of 8.870 a.u., which, divided equally 
(arbitrarily) among the six remaining electrons, is 1.463 per electron. On 
this basis, the 7 electrons have a contribution which makes the carbon 
negative relative to the oxygen, whereas the o electrons have a much 
larger contribution in the opposite direction. The large contribution from 
the o electrons is contrary to Moffitt’s assumption, but the analysis does 
support his conclusions that the m distribution itself is almost neutral. 

It is interesting that an amount equal to almost the entire moment is 
contributed by the 20, orbital. Its net moment is 2.350 a.u. Subtracting 
the average positive nuclear moment per electron, derived in the last 
paragraph, of 1.468 a.u., one is left with 0.887 a.u. which is larger than 
any of the net moments for the entire molecule as tabulated in table 2. 
Looking at the other individual’ MO in this light, we see that the 2¢, with 
a net negative moment of 0.392 is partly counterbalanced by the net 
positive moments of 0.215 in lo, and of 0.074 in Lao,. 

The adoption of somewhat polar character for the CO bond in CO, 
irrespective of the exact definition one decides to use for “bond moment” 
seems to be a natural consequence of this discussion. It would have been 
very desirable to have been able to compute the infra-red band intensities 
for CO», but the problem has been considered by Mulligan only for the 
experimental equilibrium parameters. It is well known that the approxi- 


mation in which fixed net charges assigned to the nuclear positions are 
assumed to move in the vibration with the nuclei gives poor results. In 
the present case, for example, use of the distribution (3) gives a calculated 
infra-red intensity for both the bending and asymmetrical stretching 
modes much higher than that observed. 


In conclusion, a word of warning must be introduced concerning inner 
shell-outer shell mixing, which was neglected by Mulligan. Many of the 
inner shell-outer shell integrals were computed and are given in the 
Appendix. (These were needed because of the use of orthogonalized 2s AO.) 
Of these the integral (0’| s’) in particular, and also (0'|z,), (0’| s-) and (¢| 2’) 
have significantly large values. The first of these integrals contributes to 
the atomic dipole terms which cannot be included in the MO coefficient 
method. If any appreciable amount of such mixing occurs, the moment 
values computed here might need some revision. 

Acknowledgment..-The author would like to acknowledge the very help- 
ful comments and criticism received from Professor R. S. Mulliken on this 
work. 

A ppendix.—In the following, we denote, for example, J°cZc dr, 2 by (c| Cc). 
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Notation is that used by Mulligan.’ Values are given in atomic units. 
It is to be particularly noted that these integrals do not give directly the 
average Z values for the distributions involved. In the cases where both 
AO are the same, the average Z for this AO may be computed from the 
value given here by dividing by the corresponding overlap integral over 
one-half space. These overlap integrals were not computed since they 
were not necessary for the present work, but the methods for their evalua- 
tion are the same as those given below. Integrals are divided into types 
by the location of the AO. 

Integrals Involving Two AO on the Carbon: These were computed in 
closed form in spherical polar coordinates with integration limits of r from 
Oto ©; d@from 0 to 2x7; 6 from 0 to w/ 2. 


(c = 0.066 (c| Ss.) = 0.016 (S¢| Se) = 0.364 


(2.1 2-) = 0.577 (x-|X-) = 0.288. 


~¢ 


Integrals with Two AO on One Oxygen or One AO on ach Oxygen: These 
were evaluated in the spheroidal coordinates usually used for two-center 
problems. In all these integrals the foci of the coordinates were taken at 
the oxygen nuclei and Z = R’uv/2 is again measured from the carbon 
atom. Here R’ is the 0 0’ distance, and yw and v are the usual spheroidal 
coordinates. The limits of integration were from 0 to 2m for ¢, from | 
to © for uw, and from 0 to +1 for v. The latter range restricts integration 
to the right-hand portion of space. 


(o\0) = 0.000 (0’\s) = 0.001 ‘i 2’ 0.053 (si s’ —O.007 (s'\2') = 2.195 
(o'\o’) = 2.195 (0'\s') = 0.528 = OOOO (s'\2 = O0O13 (xix) = 0.001 
(o\o0’) = 0.000 (0\2) = 0.000 ‘') =().008 (s’i\2’) 0640 (x x") = 0.002 
(o = 0.000 (0) 2’ = 0.000 "ls’) = 2.201 ( ) 0.009 (x’|x') = 2.195 


(oi s’) = 0.000 (0'\s) O.OOL (s 2) O.005 | ‘) = 0.012 


Integrals Involving One AO on Carbon and One AO on Oxygen: These 


presented especial difficulty since integration over half space was not 


located symmetrically with respect to any convenient coordinate system. 
These integrals were cast into spheroidal coordinates with foci at the 
respective nuclei. In these coordinates, for an AO on the primed oxygen, 
the range of v was from —1/y to +1. Correspondingly when the un 
primed oxygen was involved, the range of integration was from +1/ to 
+1. Integrals over uw thus obtained in either case were of the form D,(a, 8) 
= S rm” exp (—au + B/u) du. For the AO needed here, n was integral 
from —3 to +5. Whereas 8 may be positive or negative, a@ is a positive 
constant. Integration by parts yields a useful three-term recurrence 


relation: 


aD, (a, B) = en (-2 = 8) + nD,- (a, B) + BD,-—2(a, B) 
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In order to avoid drastic loss of significant figures it was necessary to com- 
pute the two lowest D’s needed and apply the recurrence relation upwards. 
These were evaluated by mechanical quadrature using Simpson’s method. 
The task was the more tedious because of severe cancellation of significant 
figures in the computations of the final average charge positions necessi- 
tating the computation of some of these D’s to seven significant figures. 


(« = 0.000 (c\z’) = —0.082 (x.;x) = 0.002 (s,/2’) = —0.196 
(c\o’) = 0.000 (0}s,) = 0.000 (x-)x’) = 0.326 (2.)5) = 0.011 
(¢ = ).002 (o'ls.) = 0.096 (s,| 5) 0.011 (2,|s’) = 0.830 
(¢ = (7.058 (oj2.) = 0.000 (s.|s’) = 0.576 (2,|2) 0.024 


(cz 0.004 (0'\2.) = 0.164 (s.)2) = 0.018 (2,j2’) = —0.244 


* Contribution number 181 from the Institute fer Atomic Research and Depart- 
ment of Chemistry, lowa State College, Ames, lowa. This work was supported in part 
by the Ames Laboratory of the Atomic Energy Commission, 

t This paper was prepared in connection with the recent ACADEMY conference on 
“Quantum-Mechanical Methods in Valence Theory,’’ of which a Summary will be 
found in a subsequent issue of these PROCEEDINGS, 

! Mulliken, R.S., J. Chem. Phys., 3, 573 (1935). 

2 Robinson, D. Z., [bid., 17, 1022 (1949) 

§ Coulson, C. A., Trans. Far. Soc., 38, 433 (1942) 

* Moffitt, W., Proc. Roy. Soc. (London), A199, 487 (1949). 

® Coulson, C. A., Jbid., A207, 63 (1951). 

® Mulliken, R. S., J. Chim. Phys., 46, 497 (1949). Chicago ONR Report 1947-48, 
Part I], p. 96, contains an English version of this paper. 

? This limited use of the method was clarified to the author in private communica- 
tions from Professor Mulliken. It is apparent that others in the past have attributed 
considerably more meaning to this process than originally intended for it by Professor 
Mulliken. See, for example, reference 8 and also further discussion below. 

5 Mulligan, J. F., J. Chem. Phys., 19, 347 (1951). 

* The term “bond moment” is avoided in this connection te prevent confusion with 


” 


the many other connotations of this term. 

Where molecules have symmetry, the division of space presents little difficulty 
In cases where no symmetry is present, it is still possible to set up arbitrary although 
not illogical methods of assigning space to particular bonds. Thus, for example, in 
regions where the electron density passes through a minimum between bonds, the 
separating surface is drawn through the minimum. Elsewhere the bond angles could 
be bisected, It is very unlikely, of course, that such a division would have any prac- 
tical utility. It is mentioned here to support the thesis that a logical distribution of 
space among bonds can be defined 

'N It should be noted here that the right-hand average electron position for carbon 
e’sxyz, Vy is identical with that for carbon didi’ yz, Vy despite the introduction of 
atomic dipole terms. The reason for this is that the contribution of the atomic dipole 
term from one hybrid orbital is exactly canceled by the contribution of a similar term 
from its orthohybrid (see R. $5. Mulliken, J. Chem. Phys., 19, 900 (1951)). This con 
clusion holds only if a hybrid and its orthohybrid are equally occupied. 

2 Mulliken, R.S., J. Chem. Phys., 3, 720 (1935). 

1S Moffitt, W., Proc. Roy. Soc. (London), A196, 524 (1949). 
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It is well known empirically that, at intermediate Reynolds numbers R, 
the wake behind an obstacle moving through a stream is most easily de- 
scribed as consisting of two rows of vortices, symmetrically staggered, 
with longitudinal spacing a and transverse spacing /. 

If the vorticity of each vortex is x, then von Karman! has shown that 







such an array leads to the complex potential 


Satta _ 7 th i ath 
W = ix logsin§ {2 — — a logsin- [| s — — + — } (1) 
h 2 a 2 2 


and has computed the drag coefficient of such an array. 
Evidently, the array (1) involves three arbitrary parameters: a, h and x. 






Von Karman showed that, in a certain sense, arrays with h/a = 0.281 were 






the least unstable, and has observed that such a spacing ratio is typical of 
what is observed. 
A second parameter can be estimated, following Heisenberg and Prandtl,” 








by considering the rate A at which vorticity is discharged from each side 






/ of the boundary layer. This estimate is much less sharp, however, as it 






involves an empirical factor 8, which expresses the proportion of the vor- 
ticity discharged by the boundary layer, which is absorbed into the wake. 
It is the purpose of this note to outline a new theory of vortex streets, 







i permitting a priori theoretical estimates for all three parameters. 
A central role is played in this theory by the following result, valid for 
any plane flow satisfying the Navier-Stokes equations: the mean transverse 
f moment of the vorticity per unit length, 


1 } a . | *] Px 
| M = lim 5 f dx Z ye dy = lim a] / | ydx, (2) 
Low ooh 5 - Liueaee I . 


is a constant in time. 
If viscosity is neglected (as in the von Karman theory), then since the 
mean absolute vorticity per unit length 


| — 
ore — : | ‘ 
| 2K? = Fenl OL / | . dk (33) 


is also constant in time, this implies that the mean transverse spacing 
h* = M/K* is constant in time. Thus, although periodicity may be 



















unstable, the mean transverse spacing of vortices is highly stable. Since 
the mean longitudinal spacing (if it exists) is trivially invariant, we come 
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out with the conclusion that the ratio of mean spacings is constant in time, 
in a non-viscous fluid. Thus it implies that the spacing-ratio h/a = 0.281 
cannot be regarded as a stable (or nearly stable) end-product of other 
initial spacing ratios, as originally suggested by von Karman! (pp. 54-55). 

Since the effect of viscosity is to decrease A*, the observed tendency of 
h/a to increase downstream 1s also explained. 

Further, the constancy of \/ gives a basis for predicting roughly the 
(mean) transverse spacing h. The boundary layer discharges at an initial 
rate’? Ay '/(1 + Cy)v’, where v is the flow speed and Cy is the wake 
underpressure coeflicient; moreover the initial transverse spacing d is 
about equal to the diameter of the obstacle. Hence we may expect / to 
differ not greatly from d/@ (or, from d*/8, where d* >d is the wake 
breadth a little behind the obstacle). 

Instead of accepting h/a = 0.281 as implied by stability considerations, 
I propose a direct (very rough) prediction of the Strouhal number S = Nd /v 
on a fresh basis. It 1s a matter of observation that the periodicity of 
vortex-formation is associated with a periodic (period + = 1/.V) transverse 
oscillation of the wake. Assuming the inertia of the wake as due to its 
mass, and the cross-force to be given by the steady-state cross-force of 
about mpv’a per unit length, one gets the observed S if one takes the wake 
length as about 1.5d. 

Although the preceding discussion of S is very rough, I believe it con 
tains a useful new idea, and might profitably be elaborated and refined. 
In particular, it agrees with the observed proportionality S a 1/6 sin @, fora 
flat plate of breadth 4, inclined at an angle 6 with the stream. 

Finally, it should be remarked that the tendency for vortex sheets to 
“roll up’ and become concentrated is easily exaggerated. Thus energy 
arguments, closely associated with the mathematical theory of the loga 
rithmic potential, show that (even in a non-viscous fluid) a line segment 
of constant vorticity cannot roll up into a cirele whose diameter is less 
than about 45° of the original length of the segment. This limitation 
has not apparently been observed hitherto, though Hooker has discussed 
the diffusion of vorticity by viscosity. 

The preceding results and ideas, and their relation to experimental 
evidence, will be discussed in greater detail elsewhere. 

' von Karm‘n, Th., and Rubach, H., Phys. Zert., 13, 49-59 (1912) 

2 Heisenberg, W., /bid., 23, 363-366 (1922), and comments thereto on p. 366, by 
L. Prandtl 
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Let UY and Yl be complex manifolds, and let A be a complex analytic 
mapping of B onto YW. Let ¥§ be another complex manifold and @ a 
group of complex analytic homeomorphisms of § on itself. Let {U’,} be 
an indexed covering of Yt (with indexing family A = |a}), and assume 
that for each Ll’, there is given a complex analytic homeomorphism 


Q,: Us X F—> Aq! (Uz). 


We shall denote points of 8 by P, Q, ..., ete., points of WN by p,q, ..., 
ete., points of § by &n, ..., ete. Furthermore we define homeomorphisms 
of * onto A~'(p) by 


Qe p(€) = Q,(p, £), pel, geX. 


Also we define, for each l,, a complex analytic mapping A, of A~'(U,) 
onto § by 


A,(P) = Qay(P) where p = A(P). 


The mapping Q,, followed by 2.) gives a complex analytic homeo- 


morphism of § onto itself; we call this transformation O8(p) = Q¢ 3%». 
We also assume that, among these mappings, the following relations are 


satisfied : 


I. AQ, (p, —) = p pel, Fes. 
Il. AQa(p, &) = é 
IIT. Q(A(Q), Ag(Q)) 
IV. O8(p) €G, pel A Uy ie, 08: U, NU,+@ 
V. 02(A(Q))*Ag(Q) = A,(Q), A(Q) e U, 9 Ug. 


In addition to these relations, it follows from the very definition that 
VI. O8(p) OF (p) = O2(p). 


This collection of spaces and mappings, together with the structures de- 
fined on the spaces and the relations among the mappings, is called a 
complex coordinate bundle. 

2. The Notion of Equivalence. Let &, IN, §, G, and A be as before, but 
suppose that |l’,}{ and | Vg} are two different coverings of Yt and let the 
corresponding sets of homeomorphisms of Ua & § and V4: § with 
A-'(U’,) and A~'(V,) be denoted by {Q.} and |W,}, respectively, and 
suppose that this defines two complex coordinate bundles. These bundles 
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will be said to be equivalent if Q2)¥,, «@ forpe Ua 9 Vy. An equiva- 
lence class of complex coordinate bundles will be called a complex fiber 
bundle. The space ¥& is called the bundle space, the space Yt is called the 
base space, and the space § is called the fiber. The group @ is called the 
group of the bundfe and A is called the projection mapping; the mappings 
of, of ULM L’, into G, are called coordinate transformations. 

Suppose we are given two complex fiber bundles over the base space i, 
with fiber § and group %. Let the bundle space of the first be B and of 
the second WB’ and let A: BW— Wi and A’: BW’ —+ M be their respective 
projections. Furthermore let | l’,{ and {Q.| be a covering of IQ and set 
of homeomorphisms which gives a coordinate bundle representing the 
first fiber bundle, and let | V,{ and }|W,} give a coordinate representation 
of the second bundle. The first complex fiber bundle (with bundle space 
Y) is said to be equivalent to the second if there exists a complex analytic 
homeomorphism 3 of BW’ onto B such that A’~'(p) is mapped analytically 
homeomorphically onto A~'(p) for every p € Mt, and if 


Qa pRV sy rao) forpe UY, 9 Vg. 


The problem of classifying complex fiber bundles is to determine all 
of the equivalence classes of complex fiber bundles over Yt with fiber § 
and Group . 

3. Projective Bundles. An interesting special class of complex fiber 
bundles occurs if we restrict § to be a complex projective space. If we 


also specify as the projective group belonging to the projective space § 
then the bundle will be called a projective bundle. In particular if § is 
the complex projective line we shall call the bundle a projective line bundle. 
Non-trivial projective bundles exist; the following is a method for gener- 


ating some of them. 

Let (§ (m,n) denote the complex Grassmann variety of m-planes in an 
(m + n + 1)-dimensional complex projective space Sy where N = m+n 
+ 1; thus each point g of G(m,n) is an m-plane of Sy. Let uw be a 
complex analytic mapping of the compact complex manifold Yt into 
(S(m,n). Let B, be that subset of Yt X Sy consisting of points of the 
form (p, x) where x eu(p) (elements of Y being denoted by p, elements 
of Sy being denoted by x). We definite A: &,—~ YW by A(p, x) = p. 

THeorem I. The space &, is the bundle space of a projective bundle 
over YW (with projection A). 

A proof of this theorem can be closely patterned after the proof of 
Theorem 2 in Sp. B.' However, in the complex case we use projective 
groups and transformations instead of the unitary ones, which would be 
the more immediate analog of the orthogonal ones used in Sp.B.; the facts 
that B, is a complex manifold, A is complex analytic, etc., follow imme- 
diately from the complex nature of the projective groups. 
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We shall call those projective bundles, which can be generated by an 
analytic mapping into some Grassmann variety, regular projective bundles. 

4. Classification... The problem of classifying projective bundles bears 
a certain analogy with the problem of classifying sphere bundles, but 
there are grave differences. For example, the analog to Theorem 4 of 
Sp.B. would be that all projective bundles are regular. The methods 
used to prove Theorem 4 of Sp.B., which have in general proved to be so 
powerful in the topological theory of bundles, are completely inadequate 
in this analytic situation. We therefore turn, at present, to the much 
simpler task of classifying the regular projective bundles. 

A careful analysis of the proof of Theorem 3 of Sp.B. shows that a cer 
tain analog of this can be established. 

THEOREM II. /f wand v are two analytic maps of Yt into (m,n) and uf 
they differ sufficiently little then %&, is equivalent to &,. (The meaning of the 
“sufficiently little’ will be clear to anyone familiar with the proof of the 
theorem cited above. ) 

To imtroduce the notion of a complex homotopy, let » and v be two 
complex analytic maps of Yt into O(m, n) and suppose that @, is an homo- 
topy of winto v; ¢,is called a complex homotopy if ¢,, is a complex analytic 
map of J into W(m, n) for each fixed value fy of ( (0 © tf < 1). 

THEOREM III. J/f w and v are two analytic maps of IN into S(m, n) and 
if they are complex homotopic then %&,, is equivalent to &,,. 

The proof of this theorem follows easily from the fact that Yl is com- 
pact, from Theorem II and the definition of complex homotopy. 

5. Regular Line Bundles Over Closed Riemann Surfaces. We now let 
MW be a closed Riemann surface St, and let m = 1. Now let uw be an ana- 
lytic mapping of ® into W(1,”). To the complex homotopy class of yu 
belongs a regular line bundle over 3i. We thus seek to determine these 
complex homotopy classes. 

As a first step we note that 


(3(1,0) ¢ GO, 1) ¢ c (1, 2) 
in a natural way, e.g., (1, — 1) is the variety of lines lying on some 
S,4, of S,42. Furthermore, we can define a sequence of “projections” 


rn An 1 de di 


W(1, n) —> G(1,n — 1)- ae > S(1, 1) > (S(1, O) 


by means of Pliicker coordinates in @(1,”). We choose our system of 


coérdinates so that the point from which we make our projection each 
time does not lie on the image of Nin that W(1,k) (k = n,n — I, he 
By introducing a factor (1 — ¢) (¢ going from 0 to 1), in front of the coor 
dinates set equal to zero to effect the projection, we can actually get a 
complex homotopy of the mapping yu into A,u, thence into A, —j)A,#, and 
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so on until finally to vy = A, ... A,—;A,#. Thus we have shown: 
THEOREM IV. The bundle B, arising from the mapping uw: KW > O(1, n) 

is equivalent to a bundle &, arising from a mapping v of RX into the complex 

projective plane S»,v: R—- S,. We have only to remark that W(1i, 0) = 


S, and that the v being complex homotopic to yw, the bundles B, and B, 


are equivalent. 

The problem of determining the complex homotopy classes is reduced 
still further by the next theorem. 

THEOREM V._ Let uw and v be analytic mappings of N into S», then if wu 
and v are homotopic they are complex homotopic. 

To prove this we first note that an analytic image of tin .S, is either a 
point or an irreducible algebraic curve (this follows since Wt is a closed 
Riemann surface). If the image under yu is a point then the image under 
vy must also be a point, since no algebraic curve is homotopic to a point 
in S»; in this case there is nothing to prove. Let us denote the algebraic 
curve which is the image of t under uw by C; and the image under v by C:, 
let k and m denote their respective degrees. Let S, be a fixed projective 
line of S, and let y be a projection of C; and C, onto S; (from some point 
not on S;, Ci, or C,). Then pu and pv are mappings of 8 onto S, (topo- 
logically a 2-sphere) of topological degrees k and m, respectively. Since u 
is homotopic to v we have wv is homotopic to Yu, hence k = m. Thus 
C,; and C, are two algebraic curves of the same degree k. Now let S* 
denote the k(k + 3)/2 dimensional projective space of all curves of degree k 
in S».. Those algebraic curves of S) which are birationally equivalent to 
C, and of the same degree form a connected subvariety |’ of S*. We 
draw a path on V from the point which represents C, to the point which 
represents C,; this provides the complex homotopy.’ 

We now observe that Theorem V allows us to give an analog of Theorem 5 
of Sp.B. 

THeoreM VI. Jf &, and &, are two regular line bundles over KN arising 
from analytic mappings wand v of R into So, and if B, and &, are equivalent 
then v and uw are complex homotopic. 

We prove this theorem by using the fact that a complex fiber bundle 
is a fiber bundle, an analogous procedure to that of Theorem 5 of Sp.B., 
and the methods of the preceeding theorem. Thus-we have established a 
1-1 correspondence between the regular line bundles over Sv and_ the 
homotopy classes of analytic mappings of Xt into Sb». 

As an application of these ideas let us classify the regular projective 
line bundles over the projective line. Each analytic image in S) is a 
rational curve of some degree, say k. Now there is a rational curve of 
‘ach positive degree 1, 2, 3, ... and we can include a point as one of 
degree 0. The homotopy class of each rational curve is an element of 
m(S.). Also a rational curve of degree k is homologous to k times a 


ta 
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projective line in 5S», and this projective line will represent the basic 
homology class of //2(S:). The natural isomorphism between //2(S:) 
and mo(.S:) shows that there is a rational curve in each “non-negative” 
element of m(.S2), i.e., classes of orientation preserving mappings. Thus 
the bundles corresponding to the curves X° ~~ X53" ad together with 
the product bundle S; X 5S, give a complete classification of regular pro- 
jective line bundles over the projective line. The bundle spaces of these 
bundles have already been discussed in an interesting paper by F. Hirze- 
bruch.* 

THEOREM VII. The bundle space of the line bundle arising from X," 
XX," —' = 0 is the Hirzebruch variety >,,. 

The reader of Sp.B. will easily discern my indebtedness to that paper. 

' Steenrod, N. E., ‘The Classification of Sphere Bundles,”” Ann. Math., 45, 294-311 
(1944). We refer to this paper as Sp. B 

2 Severi, F., Vorlesungen tiber Algebraische Geometric, Leipzig, 1921 

§ Hirzebruch, F., Uber eine Klasse von einfach zusammenhdngenden komplexen Mannig 
faltigkeiten., Math. Ann., 124, 77-86 (1951) 


THE EINSTEIN CONNECTION OF THE UNIFIED THEORY OF 
RELATIVIT Y* 
By VAcLav HLavaty 
GRADUATE INSTI UTE FOR APPLIED MATHEMATICS, INDIANA UNIVERSITY, BLOOMINGTON, 
INDIANA 


Communicated by T. Y. Thomas, March 21, 1952 


1. Introduction. —In a previous paper! we have shown that the connec 
(of the unified theory of relativity) defined by Einstein 


v 


tion [,, 


0 
Ox" Quo me ig eo a I a oe { 1) 


satisfies the conditions 


coe, ie] - + | opac B 
(a) Ty” = taped + Saye + 2A Sa Raye 


alp 
(b) Vuk, = 2Sag'XS5 


wry’ 


(2) 


Solving (2b) for S,," and substituting this solution into (2a) one obtains 
the Ty, 

structure of the tensor Y%%,.. 
approximation of this solution. 


v 


defined by (1). However, the solution of (2b) depends on the 
So far we have given in UI only the first 


The main scope of this paper is to find a complete solution [,,” and to 
apply it on the first set of Einstein's conditions mentioned in Ul. How 
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ever, we confine ourselves to results only. The corresponding detailed 
proofs will be given in another paper to be published in the Journal of 
Rational Mechanics and Analysis. 

2. The Solution 1," of (1).—-Our starting point is based on the paths 
of photons as established in the old general theory of relativity: We 
identify these paths with the paths described by the minimal? autoparallel 
curves of the connection 1,,”". This identification leads to 


v I va 
Nad + 9 h (V La 7 Vikas 5 | Vakiny) a 
2Pal Kr + 2k 50) + RSX) — 608%)) (3) 
where the vector 


p In p? (p? = h/g) (4 
,) = 1 uf “= U ) 
Pe oan? eo ee 


satisfies four conditions for gy, (whose choice is restricted by the afore- 
mentioned identification ) 


K, _ Pals (5) 


1 Oo y+ 2k — | 
K,=- k/h, L,” = thus ') = kk... 


. 2 Ox" . 
If we put SX, = 5S, then we obtain from (3) 
S, = pV"Fya 
where 
Fy, = ky, /p. 


In a four-dimensional space the tensor 3V,,,/,,) is a contravariant vector 
density which we denote by nu’. Hence 


Nourvll’ N - VF 2 VP i + VF (S) 


where our = Mowr»| IS the four-vector density whose components are 
+1, ~1, 0. If in particular uv’ is not a null-vector (j,,u’u" # 0) then 
we chose the density 7 in such a way that wv’ in (8) be a unit vector. The 
vectors A,, ~, are related to the vector density nu’ by*® 


2g —h 


? Pies 
OP, FP*(n apne” — 2V.F,,). 


h g 


Moreover the equation (3) may be rewritten 








MATHEMATICS: V. HLAVATY 


fv l Dp” v v ss va Y 
tres + 2p'hy, — dp, — Spr + 5 Myre # 9 + 
5) . py . 4 vp . v 
ol ee Fy, + pF,” — PF”) + A’Fy, + tFadiP" | 
(A’ = p’ +9") (10) 
where now p* may be considered as given by (9) in terms of u’n. 

3. The First Set of the Einstein Conditions. This set imposed by 
Einstein on I’,," (given now by (3) or by (10)) consists of 4 + 16 differen- 
tial equations 

(a) S,=0 (6) Ry, = 0 (11) 


where 


) + @ + ap 8 | o ’ a ) 
Ry, = ox" | hu = I AB ce = i I (\q@) + Ox” 


’ a + ay 8 
I ua) ) + ly, D (a3) * 


») 


Altogether we have 24 conditions (5) and (11) for 16 unknowns g,, (whose 
choice is restricted by the aforementioned identification). 
As far as the system (11a) is concerned it reduces by virtue of (6) to 
V"F,. = 0. (12) 
In order to investigate the set (11b) let us introduce the curvature tensor 
IT,’ of hy,, the contracted curvature tensor //,, = //,,,*" and the tensor 


Oru = Srp"Sap? + yy (2P"Pa — Vab™) — Voy) — PrPy 

Then we see that the set (11b) splits in two sets, namely 

(a) Ih, = Qy, 

(b) VaSy” = pa(Sy,” + 4h? Sq, %ha),): 
The set (13a) leads to 

Hy, — '/olthy, = T), 
where 
'/Qagh™ hy» H = Hh” 
so that 
v'T,, = 0. (15) 

As far as the equations (13b) are concerned they are equivalent with 

Hot ure + Har? + '/24Fy = Bur (16) 
where A = h“V,V“ and 


Byrn = Pal2Syx + 4h Ser .7y1,)/0 — Val*/2(PyPa® + PrP, + PF uy) — 
2 Fy .(2p"6x, _ 5p" — p,h*)]. 
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On the other hand if we consider u’n in (8) as given, then every solution 
of (8) and (12) satisfies also the equations 


Het prxipf +- Marly" + I ‘AF yy = 1/MoyrwV nu’. (17) 


Comparing (17) and (16) we obtain 
Hap F® + 2H pF = "Jane V nu’ + B,y. (18) 


If we substitute for p, from (9) into B,, then (18) no longer contains p, 
and may be looked upon as a set of six partial differential equations for 
four unknowns @” = nu”. We shall see in the next section that there are 
cases in which this system admits a solution 2” = nu”. Substituting it 
back in (S) we obtain 


Nour?” = Vor + V OF iw + Vv, fF. (19) 


and this equation is no more an identity as it was the case with (8). 
4. A Solution of the System. -The 24 conditions (5) and (11) (or (5) 
and (14)) as well as the equations (18) admit the solution 


(a) hy, = hay = hss = —hhyy = —| hy, = () for nN a Mb 
(b) —Fr = Fo = Fu = —Fe =a the remaining Fy, = 0 
(a =e"+* 


) 
(c) Q = qu’ =0 


The connection given by (10) is 


x ¥ 
r., = 


— M234 = Py? = Pat = —Meet = ‘og? = Pg? = P34 = —Myot = a 
o>) 


(22 


and the remaining [',," = 0. This example shows that the system of 24 
‘conditions (5) and (11) is not contradictory in itself (i.e., that these condi- 
tions are mutually compatible). 

5. Conclusion. If we identify Fy, with the electromagnetic field then 
the equations (12) and (19) are Maxwell equations, while the vector u’ 
involved in the solution 2” = nu" of (18) is the corresponding velocity 
vector. Then the connection I’,", as given by (10) (where we substitute 
for p* from (9)) is expressed in terns of the gravitational field hy,, the 
electromagnetic field F/\,, the velocity vector u’, the electric charge den- 
sity » (and the vector A,). Moreover the equation (14) corresponds to 
the basic equation of the old general theory of relativity and the tensor 
7), involved in it corresponds to the “momentum energy tensor.’’* It is 
worth while to stress that if we substitute for p” into 7), from (9), the 
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tensor 7), appears as a function of the velocity vector u’ and its deriva- 
tive. Finally the equation (15) corresponds to the principle of the con- 
servation of momentum and energy. Following still the analogy with the 
old general theory of relativity we may regard —7\,h = —Q,,h™ as the 
mass and get in this way a physical interpretation of g/h.° 

* Prepared under Army Contract DA-33-008-Ord-224 

1 Hlavaty, V., “The Elementary Basic Principles of the Unified Theory of Rela 
tivity,’’ these PROCEEDINGS, 38, 243-247 (1952). This paper will be denoted in text 
by UL. Its notation is used also here and in particular g(,y) = Ary. ff ru) = Rr Say’ 
Pau)’, while V, is the symbol of the covariant derivative with respect to Ay, 

? All metric notions as well as the lowering or raising of indices are based on hy, 
We assume gh # 0, where g and hk are the determinants of Pry and hyy, respectively 
The determinant of ky, will be denoted by k 

’ Substituting for p from (9) into (5) one obtains four conditions for gy, in terms 


of u’n. 
4 The law of inverse squares cannot be applied here 
5 The requirement Fy, # 0 is essential for this unified theory. If Fy, = 0 then 


Py, = as . While (13b) is identically satisfied in this case, (13a) leads to //), = 0. 


SOME REMARKS ON REPRESENTATIONS OF CONNECTED 
GROUPS 
By RicHARD V. KADISON* AND I. M. SINGER 
INSTITUTE FOR ADVANCED STUDY AND MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Communicated by John von Neumann, March 19, 1952 


1. Introduction... The purpose of this note is to bring to light a fact 
which has escaped notice, viz., in the direct integral reduction of the regular 
representation of a connected separable! locally compact group, factors of 
Type I], occur almost nowhere? (cf. Corollary 3). This proof is carried out 
by the following scheme of argument. We show first that a connected 
locally compact group which has sufficiently many unitary representations 
which generate rings of finite type is the group direct product of a compact 
group and an abelian group’ (cf. Theorem |). From this it follows quite 
easily that a unitary representation of a connected locally compact group 


generates a ring of operators which has no summand of Type II, (ef. Theo- 
rem 1) and, in particular, is not itself a factor of Type II,;. Employing a 
theorem of Mautner,‘ to the effect that, for almost every factor in the direct 
integral reduction of the regular representation of a group, there exists a 
strongly continuous representation of the group which generates the fac- 


tor, we obtain the final result. 
The theorem of Segal and von Neumann? stating that a real or complex 
connected semisimple Lie group without compact constituents has no non- 
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trivial strongly continuous representations in a finite factor follows easily 
from our results (cf. Corollary 2) as does a recent result of the second named 
author® which states that a connected Lie group which has a faithful uni- 
formly continuous representation is the direct product of a compact and 
abelian group (cf. Corollary 4). 

2. Representations..-The following theorem contains the main argu- 
ment. 

THEOREM |. A connected locally compact group G which has sufficiently 
many strongly continuous unitary representations into rings of finite type (1, 
and I1,) has the form K X E,, with K a compact connected group and E,, a vec- 
tor group. ach strongly continuous unitary representation of a connected 
locally compact group generates a ring of operators which has no summand of 
Type 11. 

Proof: We show that G possesses a fundamental system of neighbor- 
hoods of the identity e which have a compact closure and which are invari- 
ant under inner automorphisms of G. In fact, let go be an element of G dis- 
tinct from e and let g — UL’, be a unitary representation of G into a ring of 
operators IW of finite type such that U,, # / (there exists such a represen- 
tation by hypothesis). We shall employ the results of Dixmier’ as regards 
the existence of a trace in M. Then for A in M, A” is the trace of A and 
is an operator in the center of SW. We impose the following topology on 
the group Wy of unitary operators in SW: a subbasic open neighborhood of 
/ is given by a vector x and a positive « and consists of all operators LU’ in 
Mm such that {[/-U]], < « where [[A]], = ((A, A)),” and ((A, B)), = 
((B*A)* x, x). Note that ((A, B)), is a positive semi-definite “inner prod- 
uct’’ so that {{A ||, behaves like a Hilbert space norm with the exception 
that {[{A |], may be 0 without A being 0. Observe that 


[[UA]], = ((A*U*UA)*x, x)'" = ((A*A)*x, x)'”? = [[A]]_ 


and that 
[((B*]]. = ((BB*)*x, x)'* = ((B*B)*x, x)" = [(B]], 
so that 
[[AU]], = [[U*A*]], = [[A*]]e = [[A]]s, 


for all unitary lin MM. It is easy to verify, though we shall not need the 
fact, that Ny is a topological group in the given topology. 

We shall prove now that the function {{l, — /]], is a continuous func- 
tion on G (which shows that the map g — UL, is a (continuous) representa- 
tion of G into My in the given topology). Indeed [|l’ — /]}], is a strongly 
continuous function of Ul’ at /, for l’ + L’* is strongly continuous at / on 
unitary operators (|) U*x — x) = |Ux — x), AB is strongly continuous 
jointly in A and B on the sphere of radius 2, and the trace is strongly con- 
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tinuous on the sphere of radius 4 (cf. Dixmier’). The continuity of 
[[l, — 7}|, follows from this fact and the strong continuity of the represen- 
tation g > U,, for 


[([U,, a T}), ore [Uy oa I}), < (Us, a U,,J Js - (U0, teria I}\- 


The functions we have just shown to be continuous are real non-negative, 
0 at e, constant on conjugate classes (i.e., {[U),.-1 — Z}J2 = [[U, — LZ} le), 
! i 


and, for our given go, U,, 4 /. Since the trace of a positive operator is 0 
only if the operator is 0, there exists a vector x such that [[U,, — /||, 4 0. 
These functions form a family ¥ satisfying the conditions of the following 
lemma, so that the proof of this lemma completes the proof of the first 
part of the theorem. 

LemMA 1. I/f G is a connected locally compact group which possesses a 
family & of continuous functions which (1) are constant on conjugate classes, 
(2) for g # e there exists a function ¢g, in ¥ such that ¢,(g) # ¢,(e), then G 
is the direct product of a connected compact group and a vector group. 

Proof: We establish this result by proving the existence of arbitrarily 
small compact invariant neighborhoods of the identity e and then em- 
ploying a well-known result® to the effect that a connected group with such 
neighborhoods is the direct product of a connected compact group and a 
vector group. 

In fact, let N be a neighborhood of e in G with compact closure NV 
For each point g on the boundary of NV, choose a function ¢g, in F such that 
¢,(g) # O = ¢,(e) (we can normalize so that ¢g(e) = O for all functions ¢ 
in $ by subtracting constants). Let N, be the (open) set of points g’ in G 
such that ¢,(g’), > 3 ¢,(g)|.. The sets N, form an open covering of the 
boundary of N (which is compact). Select a finite subcovering N,,, ..., 
N,,; and let m = min,{|¢,,(g,)| | > 0. Let M be the set of points g of N 
such that |¢,,(g)) < m/2 for i = 1, ,n. Then each conjugate to an 
element of AJ lies in N, for if g’hg’~' lies outside of N, with h in M, there 
exists a g such that ghg~' lies on the boundary of N. Indeed, the map 
g — ghg' is continuous, so that the image of our connected group G under 
this map is connected. But this image contains the point / in N and g’hg’~! 
outside of N, so that this image must meet the boundary of N. Since 
ghg~' is on the boundary of N, it lies in some N,,, and, thus, 

| ey(ZhE—")| > ley (gs)|/2 > m/2. 
But 
9 


$y (ZhZ—')| = |y,,(h), < m/2 


since hisin M. From this contradiction, it follows that the transforms of 
Mliein N. The union N, of all the transforms of V/ is then an open invari- 
ant neighborhood of e contained in N, and the lemma is proved. 
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Suppose now that G is a connected locally compact group with a strongly 
continuous representation g — U, which generates a ring IW, and suppose 
that IN contains a direct summand MN of Type II, (as a ring). The projec- 
tion of IM into N gives a strongly continuous representation of G which 
generates N. Let G, be the kernel of this last representation. The in- 
duced representation of G/G, into 3 is faithful, strongly continuous, and 
generates NM. Now G/G; is connected so that, by our preceding argument, 
G/G, = K X E, with K compact connected and FE, a vector group. How- 
ever, the subring of 3U generated by the image of A is of Type I, since the 
Hilbert space decomposes into a direct sum of finite dimensional invariant 
subspaces under the image of A (Peter-Weyl theory), while the subring 
generated by /:, is abelian, in the center of 3, and is therefore of Type 1). 
These two commuting subrings of Type I generate 9 which, consequently, 
is not of Type II,.2 This contradiction shows that 31 cannot have a sum- 
mand of Type I],, and the proof is complete. 

Since the regular representation of a group is faithful, we can state: 

Cotvary 1. Jf G is a connected locally compact group and the weakly 
closed group algebra of G (1.e., the left or right regular representation of G) is of 
finite type then G = K X E,, K compact connected and FE, a vector group. 

CoROLLARY 2. There are no strongly continuous, non-trivial, uni- 
lary representations of a connected locally compact group G, which is (topolog- 
ically) generated by non-compact connected simple Lie groups, into a finite 
factor. 

Proof: Since G is generated by non-compact, connected, simple Lie 


groups, the representation of G must be non-trivial on some such subgroup, 
say G, The kernel G, in G,, being an invariant subgroup of Gj, is discrete, 
in the center of G,, and G,/G» is a connected simple Lie group. The in- 
duced representation of G)/G» is faithful, so that, by Theorem 1, G,/G» is 
the product of a connected compact group and a vector group. Since 


G,/G», is simple, the vector group must be trivial and G,/G2 is a compact 
simple Lie group. Thus G,, being a covering group of G,/G:, is compact, 
by Weyl’s Theorem, contradicting the nature of G,. 

We note, in passing, that the condition that G be generated by connected 
simple Lie groups can be altered so that G is generated by non-compact 
simple locally compact groups if we now understand ‘“‘simple’’ to mean 
“no closed invariant subgroups.”’ 

CoroLLary 3. Jf G is a connected locally compact group there is no part 
of Type 11, in its weakly closed group algebra. If G is, in addition, separable, 
the direct integral reduction of the weakly closed group algebra contains factors 
of Type 11, only on a set of measure zero. 

Proof: The first statement is an immediate consequence of the last 
statement of Theorem 1. Suppose G is separable. If factors of Type I]; 
occurred at a set of measure greater than zero, then G would have a strongly 
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continuous, unitary representation into one of these factors which gener- 
ates the factor by Mautner’s theorem,‘ contradicting Theorem 1. 
Cotvary 4. Jf G is a connected locally compact group which has suf- 
ficiently many unitary representations continuous in the uniform operator 
topology, thenG = K X E with K a compact connected group and E,, a vector 


group. 
Proof: The function Ul’, — /. for each of the given representations form 
a family ¥ of continuous functions satisfying (1), (2) of Lemma 1. 


* The first named author worked under an ONR contract. 

' The reduction theory of rings of operators to factors is carried out only in the case of 
a separable Hilbert space. There is, however, a global study of rings of operators (car- 
ried out without recourse to the factor reduction) which is valid for non-separable spaces 
(cf. Kaplansky, I., ‘Projections in Banach Algebras,"’ Ann. Math., 53, 235-249 (1951)). 
The corresponding global statement for non-separable groups is also contained in Corol- 
lary 3 

2 von Neumann, J., ‘On Rings of Operators. Reduction Theory,’’ Ann. Math., 50, 
401 485 (1949); Mautner, F. 1., ‘Unitary Representations of Locally Compact Groups 
1,”’ [bid., 51, 1-25 (1950) 

3 It was pointed out to us by I. E. Segal, after our results were obtained, that the first 
part of our Theorem | is very closely related to R. Godement’s, Theoreme 6, ‘‘Mémoier 
sur la théorie des caractéres dans les groupes localement compacts unimodulaires,”’ J. 
Math., 47 (1951). In fact, Godement’s theorem is essentially our Theorem 1 applied to 
the particular case where the regular representation of the group is of finite type (cf. 
Corollary 1). Even the proofs are similar; however, the slightly more general proce- 
dure we employ allows us to conclude the interesting corollaries following Theorem 1. 

‘Mautner, F. I., ‘‘Unitary Representations of Locally Compact Groups II,” Ann. 
Math., 52, 528-556 (1950); see, especially, pp. 520-535 

5 Segal, I. E., and von Neumann, J., ‘A Theorem on Unitary Representations of Semi- 
simple Lie Groups,” [bid., 52, 509-517 (1950) 

6 Singer, I. M., ‘Uniformly Continuous Representations of Lie Groups,”’ to appear in 
Ann. Math. 

’ Dixmier, J., ‘Les anneaux d’operateurs de classe finie,’’ Ann Ecole Norm. Sup., pp. 
209-261 (1949). 

* The clearest reference to this result in the non-separable case seems to be Theorem 3 
in K. Iwasawa’s, ‘Topological Groups with Invariant Compact Neighborhoods of the 
Identity,’ Ann. Math., 54, 345-348 (1951). The result we desire follows trivially from 
Iwasawa's much stronger result. The result was first obtained by H. Freudenthal, 
“Topologische Gruppen mit genugend vielen fastperiodischen Funktionen,” Jbid., 37, 
57-77 (1936); in the separable case. 

* If NM, and My are of Type I and commute, an abelian projection for the ring generated 
by I, and Ny is obtained by taking the product of an abelian projection in Jl, and an 
abelian projection in NM». All such products cannot be 0, since Jt; and Jl, are generated 


by their abelian projections. 
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ON THE MODULAR REPRESENTATIONS OF THE 
SYMMETRIC GROUP (IIT) 


By G. DE B. ROBINSON 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORONTO 
Communicated by Oscar Zariski, March 6, 1952 


In a previous paper’ the author commented upon an idea of D. E. Little- 
wood! for defining the indecomposables of the regular representation of S, 
and showed how it could be utilized to characterize the modular irreducible 
components. A modification of Littlewood’s idea is presented here which 
throws new light upon the whole problem. 

Young's rule’ for constructing the ‘‘seminormal’’ representation of S, 
corresponding to a given partition [a@| of m involved the quantity 


l Fay 
= (j—t+2) —- (1 —k +2), (1) 
p 
where, to conform with reference 2, we shall take x = 1. In fact, the 
standard diagram for which a,, = r, d, = r+ 1 (1<k) along with the 
standard diagram in which r and r + | are interchanged define a 2 x 2 
matrix 


eee: 


which appears at the intersections of the corresponding rows and columns 
of the matrix representing (7,7 + 1) in [@], +1 appearing in the leading 
diagonal if ¢ = k and —1 if 7 = /, with zeros elsewhere. Setting a,; = 
j -—t+ 1, we shall define the graph (a) of [a] = [a ..., a] in the 
following manner: 


(a) = (a,;) (= ‘eae . j 53 oy + +» Oy). (3) 


This definition generalizes Littlewood’s p-graph.' Clearly, the values of 
|/p appearing in the matrices (2) are actual differences a,;, — a,, taken for 
corresponding places of (a). 

We first show how to correlate the standard diagrams s of [a] with per- 
mutations r of the numbers appearing in (a). This is most easily done 
by superimposing [a] upon (a) and reading off the numbers of (a) covered 
by those of [a], taken in the order 1, 2,3 .... mn. For example, 

: . t Bog 
superimposed on (3, 2) = 0 1 — 12031 = 
This 1-1 correspondence between s and wm may be established for every 
standard diagram s of [a], and between s’ and x’ for every standard dia- 
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gram s’ of [a’}. If [a] and [a’| belong to the same indecomposable they 
will have the corresponding modular irreducible representation in common. 

To say that the p-graphs of |a| and [a@’| admit a given permutation m 
in Littlewood’s sense! is equivalent to saying that 

(x =r =r’ (mod p), (4) 

where the congruence is to be interpreted as applying to the individual 
symbols in successive places of the permutations. For example, [4, 1} is 
modularly irreducible and appears as an irreducible component of [3, 2} 
when this is reduced modulo 3. In the notation of the previous paper,’ 
the corresponding p-graphs admitted the permutations: 


m: 12331 (twice), 13231, 12313. (5) 


From the present point of view the appropriate permutations of the 
symbols of (4, 1) are found to be: 


mw: 12304, 12034, 10234, 12540, (6) 


and the corresponding permutations of the symbols of (3, 2) are: 


mr’: 12301, 12031, 10231, 12013, (7) 


along with 10213. Every @ is congruent to the corresponding m’, and 
10213 is congruent to 10(—1)(—2)(—3) modulo 3, indicating the presence 
of the alternating representation in [3, 2]. 

The significance of the permutations m for the matrices representing the 
transpositions (7,7 + 1) in Young's seminormal form is given in the 
following 

THEOREM. The congruence of the permutations m and x’ implies the 
congruence of the quantities 1/p and 1/p' for the corresponding standard 
diagrams in the matrices representing the transpositions (r,r + 1) in Young's 
seminormal form of {a} and |a’| for every r. 

Though it was hoped at an early stage of this study of the modular 
representations of S, that some such theorem as this would suffice to 
describe completely the modular splitting of an ordinary representation, 
nevertheless this goal is not achieved on account of the form of the ele- 
mentary matrices (2). Attempting a direct attack upon this problem two 
years ago the author studied the following transformation of these ele- 
mentary matrices: 


l —, [—pn PnAn l An = —| Pn —Xx Pn ; (8) 
e1AKr ale 1/pn 


where A, = pn/Pn—1py41 and p, = |1/n. Clearly 1/p, and X,/p, are integral 
and the length of the hook in question is n+ 1. By examining the 
arrangement of the elementary matrices (which involves Krone-ker 
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products) in the seminormal form, or simply from the standard diagrams 
themselves, one can construct a matrix A which transforms simultaneously 
all these elementary matrices according to (8). Of course new non-zero 
elements are introduced which, as yet, it has not seemed possible to keep 
track of in the general case, but the transformation has been applied to 
the seminormal form of [3, 2,1] to yield a representation, which on re- 
duction modulo 2, 3 or 5 behaves as one would expect.? It seems likely 
that this direct approach, taken in conjunction with our knowledge of 
the hook-structure of the diagrams and the ideas outlined above will 
eventually lead to a complete solution of the problem. 

! Littlewood, D. E., Modular Representations of Symmetric Groups, Proc. Roy. Soc 
(London), A209, 333-352 (1951). 

? Robinson, G. de B., On the Modular Representations of the Symmetric Group (II), 
Proc. Nati. Acap. Scr, 38, 129-133 (1952). 

§ Rutherford, D. E., Substitutional Analysis, Edinburgh, 1948, p. 41. 


FIBER SPACES AND THE EILENBERG HOMOLOGY GROUPS 
By GEORGE W. WHITEHEAD 
DEPARTMENT OF MATHEMATICS, MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Communicated by S. Lefschetz, March 1, 1952 


At the Princeton Bicentennial Conference in 1947 the following problem 
was proposed by Hurewicz:' if X is a O-connected space, does there exist, 
for each positive integer n, a fiber mapping p:T — X such that (1) T is 
n-connected; (2) p induces isomorphisms of m,(T) onto x,(X) forg>n. If 
n= 1 and X satisfies certain local smoothness conditions the universal 
covering space provides a positive solution. If m = 2 and X is a simply 
connected finite polyhedron with no 2-dimensional torsion, a positive 
solution has been found by Hirsch.? In both cases the fiber space in 
question is actually a fiber bundle. 

In this note we show that the Hurewicz problem has a surprisingly 
simple affirmative solution for an arbitrary O-connected space X if the 
notion of ‘‘fiber space’’ is used in a very general sense.* The fiber spaces 
we obtain are very far from being fiber bundles and we do not attempt to 
answer the question whether a solution with fiber bundles is possible. 

We use this result to study the /ilenberg homology groups of a space X. 
These groups, introduced by Eilenberg,’ are topological invariants of X 
intermediate between the homology and homotopy groups. They are 
defined as follows: choose a base point x) «X and, for each integer n, 
let S,(X) be the subcomplex of the total singular complex S(X) consisting 


of all singular simplexes whose n-dimensional skeletons are mapped into 
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vy. Then S(X) = S_.(X) 3 S(X¥) > .... The Eilenberg homology 
groups are the groups //,(.S,(Y)). Eilenberg proved that (1) /7,41:(.S,(X)) 
=~ mt, (NX) (abelianized if n = 0); (2) if r,(X) = 0, then the inclusion 
map of S,,(X) into S,(X) is a chain-equivalence. It is also easy to 
verify that (3) if X has a universal covering space XY’, then /7/,(.S,;(Y)) = 
HX"). 

From (2) it follows that r,(Y) = 0 implies that /7,(S,.4.(Y), S,()) = 
0 for allg. This suggests the question: do the groups //,(S, (VY), S,(¥)) 
depend only on m,(X)? The answer to this question is negative; for if X 
is real projective n-space, then it is easily seen that //;(.S)(X), S:CY)) is 
cyclic of order 2 if m 2 3 and infinite cyclic if m = 2, while m(.Y) is cyclic 
of order 2 if n 2 2. However, the answer is partly in the affirmative 
we shall see that //,(.S,,(X), S,(Y)) is a function of 2,(.Y) provided that 
q < 2n (Theorem 4). 

Let f:X —~ B be a mapping. We shall say that / is n-connective if and 
only if X is n-connected and the homomorphism of 4,(X) into m,(B) in- 
duced by fis an isomorphism onto if 7 > 1. 

THEOREM |. Let B be a O-connected space. Then for every n 2 O there 
exists an n-connective fiber mapping p:X — B. 

Proof: By a general theorem of J. H. C. Whitehead® there is a 0-con 
nected space B’ containing B such that (1) B is closed in B’; (2) #,(B’) = 
0 fori >n; (3) for i <n, r,(B) ~ w,(B’) under the inclusion map. Let 
by « B and let X’ be the space of all paths in B’ which start at do. Let 
p’:X’— B’ be the map such that p’(F) = F(1) for all Fe X’. Let 
X = p’-\(B), p = p’'|X. Then p’ and p are fiber maps* with fiber 
F = p~'(by) = the space of loops in B’ The homotopy sequences of the 
fiber maps p and p’ are connected by the commutative diagram 


: P 
n(X) > w,(B) a 
| oo 
k Ty if F) 


0 
. a 


; p’ 
n,(X") > r,(B’) 


Now XX’ is contractible and therefore 2,(X’) = 0 for all g. Hence 0’ is 
an isomorphism onto. If g > n, then 2,(F) = m,.1(F) = 0 and therefore 
p is an isomorphism onto. If g Sn, then & is an isomorphism onto and 
therefore O is an isomorphism onto. Hence 7,(X) = Oforg <n. 
THEOREM 2. Let f:X +B be a map such that the homomorphism of 
m,(X) into r,(B) induced by f is an isomorphism onto for g>n. Then the 
chain-mapping of S,(X) into S,(B) defined by f is a chain-equivalence. 
Proof: Let Z be the mapping cylinder of /, F:7— B the projection, 
i:X¥ —~Z the inclusion map. Then i:7,(Y) ~ 7,(Z) for q>n. By a 
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theorem of Blakers,’ 72:.8,(X)—~5S,(Z) is a chain-equivalence. But 
F:S(Z) — S,(B) is a chain-equivalence for allg. Hence F-1 = f:.S,(X) > 
S,(B) is a chain-equivalence. 

CoroLiary |. Jf g 2 n, then f induces an isomorphism of H,(.S,(X), 
Soui(X)) onto I1,(S,(B), Sg4i(B)) for each r. 

Proof: By Theorem 2, f:11,(S,(X)) ~ 11,(S,(B)) for all gq 2 n. The 
conclusion follows from the five-lemma. 

TueoremM 3. Let B be an n-connected space, p:X > B an (n + 1)- 
connective fiber map, Z the mapping cylinder of p. Then H,(.S,(B), Sn4:(B)) 
= I1(Z, X) for all q. 

Proof: Since Z is n-connected, S,(Z) is chain-equivalent to S(Z). 
Since X is (n + 1)-connected, S,,,(X) is chain-equivalent to SCY) under 
the inclusion map. By the five-lemma, //,(5,(Z), Sayi(X)) = H,(S(Z), 
S(Y)) = 11,(Z, X) under the inclusion map. Since p is (m + 1)-connec- 
tive, S,,;(X) is chain-equivalent to S,,,(Z) under the inclusion map and 
therefore /7,(.S,(Z), Syyi(X)) is isomorphic with /7,(8,(Z), Sry1(Z)) under 
the inclusion map. Finally, //,(S,(Z), Syyi(Z)) =~ Hy(S,(B), Sn4i(B)) 
under the projection P:Z — B. 

Let 1 be a positive integer, G a group (abelian if nm > 1). Then Eilen- 
berg and MacLane’ have defined an abstract complex A(G, mn), whose 
homology groups are denoted by //,(G, n). If B is a space they also define 
a chain-mapping ¢:.S,,(B) > K(m,(B),n). If #(B) = 0 for 1 >n, then 
tis a chain-equivalence. If also B is (mn — 1)-connected then S,_,(B) is 
chain-equivalent to S(B) and therefore //,(B) ~ H,(1,(B), n). 

For any space B, t maps S,(B) into a subcomplex ko" of A(x,(B), n) 
which has the homology groups of a point. Hence there is a natural homo- 
morphism ¢:/1,(.S,,(B), S,(B)) — H,(2,(B), n) defined for all g > 0. 

Tueorem 4. Jf B is a space, then the homomorphism t:H,(S,-:(B), 
S,(B)) > H,(r,(B), n) is onto if g < 2n + 1 and an isomorphism if q & 2n. 

Proof: Let p:X +B be an (n — 1)-connective fiber map. Then 
pi H (Srl X), S,(X)) =~ H,S,1(B), S,(B)) by Corollary 1. Also 
p:m,(X) ~ m,(B) and therefore p induces an isomorphism p:/1,(7,(X), 1) 
~ H(r,(B),n). The diagram 


H,(Sy-4(X), S,(X)) —-—> Hy(Sn_a(B), Su(B)) 


: Pp ' 
I1,(m,(X), n) > TD, (9,(B), n) 
is commutative. Therefore, replacing B by X if necessary, we may 
assume that B is (7 — 1|)-connected. 
Suppose that B is (m — 1)-connected. As in the proof of Theorem 1, 
let B’ > B be a space such that B is closed in B’, r,(B’) = 0 for 1 > n, 
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and 2,(B) ~ r,(B’) under the inclusion map for 7 < n. Let X’ be the 
space of paths in B’ which begin at bo, p:X’— B’ the usual fiber map, 
X = p-'(B),Z’ the mapping cylinder of p:X’— B’,Z the mapping 
cylinder of p, X:X ~ B. The diagram 


} t 
HAZ, X) ———- H(S»s(X), Se(X)) ——> Heal X), 2) 


, ” 


| 

it 1 it 

| | | 
Z'’,X 


, 


S : ais t ry 
HAZ’, X") o——— BS,.1(X"), 5(X")) > Hj (m,(X"), n) 


(the homomorphisms denoted by ‘7’ and ‘‘j’’ are induced by the appro- 
priate inclusion maps) is commutative. Also j, 7’, 7”, and ¢’ are iso- 
morphisms onto. Hence it suffices to prove that 1://,(Z, X) — 11,(Z2', X’) 
is onto if g < 2m + 1 and an isomorphism if g < 2n. 

By excision, /1,(2,X) ~ 11,(Z u X’, X’) under the inclusion map. 
By exactness of the homology sequence of the triple (Z',Z u X’, X’) it 
is sufficient to prove that //,(Z2’,Z u X’) = Ofor gq S 2n+ 1. By the 
relative Hurewicz theorem, it suffices in turn to prove that the pair 
(Z’,Z vu X’) is (2n + 1)-connected. This follows from: (1) the triad 
(Z u X’; Z, X’) is 2n-connected; (2) 4,(Z’,Z uv X’) = ai(Z u X’; 
Z, X"). 

Proof of (1): Since X is n-connected and Z is (nm — 1)-connected, it 
follows that (Z,X) is (nm — 1)-connected. Since X’ is contractible, 
w(X',X) = m1(X); since X is n-connected, (X’, XY) is (nm + 1)-con- 
nected. By a theorem of Blakers and Massey* the triad (Z7 u X’; Z, X’) 
is 2n-connected. 

Proof of (2): First note that the inclusion map induces isomorphisms 
onto: m(X’,X) = 2,(Z’, Z) for all g. For both groups are mapped iso- 
morphically onto 7,(B’, B) by the fiber maps of X’ and Z’ into B’. Con- 
sider the diagram 


Ty st. X) 


eae P o) j nae 
#,{2’,2 vw X)— > tgs 2B 





fe(Z uv X’: Z,X" 


The vertical sequence is a segment of the exact homotopy sequence of the 
triad (Z u X’; Z,X’). The horizontal sequence is a segment of the 
exact homotopy sequence of the triple (Z’,Z u X’,Z). By the above 
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remark, j°1 is an isomorphism onto for all g. Hence 7 is an isomorphism 
into, 7 is onto and w4(Z u X’, Z) = Image 1@ Kernel j = Kernel k® 
Kernel j, for allg. By exactness, 0 is an isomorphism onto Kernel 7 and k 
maps Kernel j isomorphically onto m4(Z u X’; Z,X’). Hence kod 
maps m,(Z',Z vu X’) isomorphically onto m,.(Z u X’; Z, X’), and the 
proof is complete.’ 

' Kilenberg, S., Ann. Math., 50, 247-260 (1949). 

2 Compt. rend. acad. sci. Paris, 228, 1920-1922 (1949). 

4 Serre, J.-P., Ann. Math., 54, 425-505 (1951). 

‘ [bid., 45, 407-447 (1944) 

5 [hid., 50, 261-263°(1949). 

6 [hid., 49, 428-461 (1948). 

7 [hid., 46, 480-509 (1945) 

5 [hid., 55, 192-201 (1952) 

* Note added in proof: An independent discovery of the results of this paper has 
been announced by H, Cartan and J.-P. Serre, Compt. rend. acad. sci. Paris, 234, 288 
298 and 393-395 (1952). 


ON AN APPLICATION OF TARSKI’'S THEORY OF TRUTH 
By W. V. QuUINE 
HARVARD UNIVERSITY 
Communicated by Hassler Whitney, March 15, 1952 


Consider two interpreted systems of notation, L and L’, in which state- 
ments can be formed. Let L’ contain L together with what I have called 
the protosyntax of L;' 1.e., the elementary means of talking about the 


expressions of L. For certain such systems 1 and L’, we know from 
Tarski’s work? (familiarity with which will not, however, be presupposed 
here) how to define truth for 1 in L’; i.e., how to translate ‘y is a true 


‘ 


statement of L’ (with ‘y’ as a variable) into a formula of L’. 

But if 1 contains adequate notation for elementary number theory, 
and L’ consists of L and its protosyntax and nothing more, then definability 
of truth for L in L’ leads to paradox. For, Tarski has shown? how to 
derive paradox from definability of truth for 1 in L; and L’ does not 
essentially exceed L, since protosyntax can be reconstrued as elementary 
number theory by Gédel’s expedient of assigning numbers to expressions.® 

Hence if in particular the system of my Mathematical Logic is con- 
sistent, Tarski’s method of defining truth for 1 in L’ must somehow 
break down when ZL is taken as the logical notation of Mathematical Logic 
and 1’ is taken as just 1 plus the protosyntax of L. It is the purpose 
of the present paper to follow out the details of this breakdown. An 
outcome of the inquiry will be the discovery of a recursive definition which 
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cannot, within the logical resources of Mathematical Logic, be turned into 
a direct definition (if the system is consistent). 

So suppose henceforward that L is the logical notation of Mathematical 
Logic and L’ is L plus the protosyntax of L. In L there is an infinite 
alphabet of variables, say ‘s’, ‘ft’, ...,‘s’, ‘s”, ete. Suppose x is a fune- 
tion, or one-many relation, which assigns an entity to each variable. In 
Tarski's terminology, x is said to satisfy a formula y of L if y comes out 
true for the values of its free variables which are assigned to those variables 
by x. Vacuously, then, if y is a statement (hence devoid of free variables), 
y is satisfied by every function x or by none according as y is true or false. 
So, if we can define satisfaction, we can define ‘y is true’ as ‘Stat y + (x) 
(x satisfies y)’ where ‘Stat y’ means ‘y is a statement’. We know how to 
define ‘Stat y’ in the protosyntax of L,* so the problem of defining truth 
for L in L’ now reduces to the problem of defining satisfaction for L in L’. 

The atomic formulas in the notation of L consist of the ‘e’ of member- 
ship flanked by variables; and the other formulas of L are built from 
atomic ones by joint denial (‘ } ') and universal quantification. Let us 
refer to the atomic formula whose respective variables are y and z as 
yes; let us refer to the joint denial of the respective formulas u and v 
as “jv; and let us refer to the universal quantification of v with respect 


toyasyquv. Thus if y is ‘w’, zis ‘x’, wis ‘x eft’, and vis ‘(tew} tew)’, 
then yez is ‘wex’, ujv is ‘(vet} (tew} few))’, and yquv is ‘(w) 


(tew}tew)’. We know how to define the notations ‘ye 2’, ‘u jv’, and 
‘y quv’ in the protosyntax of L.° 

To say that a function x satisfies an atomic formula of membership is 
to say that what x assigns to the left-hand variable is a member of what x 
assigns to the right-hand variable. Thus 


x satisfies ye z -==+ xy ex's. (1) 


Next, supposing we already know what it means to say that a function 
x satisfies a given formula y and that x satisfies a given formula z, we can 
easily explain what it means for x to satisfy their joint denial y j 2; viz., 
that x satisfies neither y nor z. So 


x satisfies y j 2 *==:x satisfies y -}+ x satisfies 2. 2) 


It remains only to explain satisfaction of a quantification y qu z in terms 
of satisfaction of z; thereupon we shall have determined, recursively, the 
notion of satisfaction in relation to all formulas of L. Now it would 
appear that satisfaction of y quiz can be explained as follows: x satisfies 
y qu z if x not only satisfies z, but continues to satisfy z even when what 
x assigns to the variable y is changed ad libitum; i.e., 


x satisfies y qu 2 += (v)((w)(w¥ y + 2+ v'w = x‘w) D+ vsatisfiesz). (3) 
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In (1)-(3) I have followed Tarski. But Tarski’s construction was 
geared to the Russell-Whitehead logic, in which all entities are elements, 
i.e., they all admit of membership in classes. For L, on the other hand, 
interpreted conformably to the axioms of Mathematical Logic, there are 
elements and non-elements. The possible relata of relations for L, and 
hence in particular the possible entities assigned by functions, are exclu- 
sively elements; but quantification in 1 ranges over all entities. Conse- 
quently (3) fails for L. For, the right-hand side of (3) says in effect 
‘x satisfies z and continues to satisfy z when what x assigns to the variable 
y is changed to any other element’. We need ‘entity’ here rather than 
‘element’ if we are to reproduce the intended force of ‘x satisfies y qu 2’. 

Basically the difficulty is as follows. What are wanted as satisfiers of 
formulas are, in some sense, systems of values of variables. Functions, 
taken as assigning values to variables, are what we have been using as 
systems of values of variables. But functions can assign only elements, 
whereas both elements and non-elements are wanted as values of variables. 
Now the difficulty can be overcome by a small adjustment. Intuitively 
what is wanted of a system of values of variables is a specification of this 
sort: x» as value of ‘s’, x; as value of ‘?’, x. as value of ‘uw’, and soon. Now 
instead of representing such a system of values formally as a function, 
viz., as the relation which relates x» to ‘s’, x, to ‘tl’, x2 to ‘uw’, and so on, let 
us represent it rather as the relation which relates each member of xo to 
‘s', each member of x; to ‘t’, each member of x2 to ‘vu’, and so on, There 
then ceases to be any requirement that Xo, 1, x2, etc., be elements. They 
have to be classes, but this is no restriction, since for L everything is a class; 
individuals are identified with their own unit classes.® 

Where x was a system of values in the old sense, viz., a function assigning 
the values to the variables, the value assigned by x to a variable y was xy. 
Where, on the other hand, x is a system of values in the new sense, viz., 
the relation of each member of the assigned value to the variable to which 
it is assigned, the value assigned by x to a variable y comes rather to be 
describable as the class of all things bearing x to y; briefly, x “cy. Whereas 


x‘y had to be an element, x “ cy can be anything. 


(1) and (3) can be adjusted to this revision by changing ‘x'y’, ‘x‘2’, 
‘yw’, and ‘x‘w’ to ‘x‘‘cy’, ‘x"u2’, ‘vow’, and ‘x‘‘ww’. Or, equivalently and 


more elegantly: 


x satisfies ye 2 *==x(x‘'c y, 2), (4) 


x satisfies y qu z *= (v)((w)(y ew *V> vw = x‘‘w) 2° v satisfies 2). 


(5) 


(2) remains unchanged. 
In (4), (2) and (5) we have a recursive definition which determines 
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satisfaction correctly for all formulas of L. Moreover, all the notations 
used in (4), (2) and (5), other than the predicate ‘satisfies’, are notations 
definable either in the logic Z or in the protosyntax of L; all, in short, belong 
to L’. Satisfaction for L has been recursively defined in L’. Truth for 
L is then definable, as noted earlier, in one more easy step. 

But we are not yet involved in paradox. Paradox would ensue if satis- 
faction for L were directly definable in L’; 1.e., if ‘x satisfies y’ were trans- 
latable into L’ not merely for each specific formula as value of ‘y’, but for 
variable ‘y’. Recursive definition does not automatically guarantee such 
translatability. However, there is a well-known technique due to Frege 
for turning recursive definitions into direct ones. Applied to (4), (2) and 
(5), the technique is this: ‘s satisfies /’ is explained as meaning that s 
bears to ¢ every relation « which obeys the laws which are imposed on the 
satisfaction relation in (4), (2) and (5). Thus ‘s satisfies t’ would be 
defined as: 


(u) { (x)(y)(2)[u(x, ye 2) = x(x “ey, 2): 
u(x, yj 2) =: u(x, y) } u(x, 2): 
u(x, y qu 2) = (v)((w)(y ew *VWe vw = x'w) I u(v, z))] 
Du(s, t)}.8 (6) 


But this maneuvre sacrifices an important part of the force of (4), (2) 
and (5). For (4), (2) and (5) admit, in the roles of v and x, elements 
and non-elements on an equal footing; whereas (6), by representing v 
and x as relata of a relation u, renders irrelevant all values of ‘v’ and ‘x’ 
except elements. Because of this divergence, (6) as definiens of ‘s satis- 
fies ¢’ fails to reproduce the sense of (4), (2) and (5). We may be as 
confident of this failure on the part of (6), anyway, as we are of the con- 
sistency of L. Satisfaction for L has been recursively defined in L’, but 
it is not directly definable in L’ unless L is inconsistent. 

' Quine, Mathematical Logic, rev. ed., Cambridge, Mass., 1951, 292 ff. 

2? Tarski, A., ‘‘Der Wahrheitsbegriff in den formalisierten Sprachen,”’ Studia Philo- 
sophica, 1, 261-405 (Lwéw, 1936). 

3 See, e.g., Quine, op. cit., 313ff. 

‘Op. cit., 298. 

5 Op. cit., 295. 

6 Op. cit., 122f, 135. 

7 Strictly, clauses should be inserted stipulating that y and 2 be variables in certain 
cases, formulas in others. They are suppressed for perspicuity. 
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ON THE EXISTENCE OF SUBSONIC FLOWS OF A 
COMPRESSIBLE FLUID 


By Max SHIFFMAN 
STANFORD UNIVERSITY AND INSTITUTE FOR ADVANCED STUDY 
Communicated by Marston Morse, March 7, 1952 


‘1. The stationary, irrotational flow of a compressible fluid is charac- 
terized by a quasi-linear second order partial differential equation with co- 
efficients which are functions of the first derivatives. The equation is some- 
times elliptic and sometimes hyperbolic, depending on the magnitude of 
these first derivatives. The question of the existence of such flows satisfy- 
ing prescribed conditions is uncertain, and it is not known beforehand 
whether, for the desired flow, the equation is always elliptic or partly elliptic 
and partly hyperbolic. We shall indicate here how to establish existence 
theorems for purely subsonic flows, corresponding to the completely elliptic 
case, 

Consider, for definiteness, the two-dimensional flow about a fixed object 
with a prescribed velocity uo at infinity in the positive x-direction. The 
boundary of the fixed object will be supposed to be a smooth curve, say 
with continuous third derivatives. The fluid will be supposed to have the 
adiabatic law p = Ap’, y > 1, as equation of state, although the following 
considerations apply to any equation of state. 

The flow is characterized by a velocity potential function g(x, y) satisfy- 
ing the partial differential equation 


(c? — 2") Ger — 26rFyOry + (Cc? — oy )eyw = O (1) 
where the local velocity of sound c is given by 


c l : " Co" SS 
ul aa eee Be Tl 
and the subscript 0 refers to the prescribed conditions at infinity. The 
Mach number at infinity is Jo = u/c. On the boundary of the prescribed 
object, we have 0g/On = 0. 

The following theorem is proved. There is a critical constant | ae B 
depending on the prescribed boundary, such that for any My < My there exists 
a uniquely determined completely subsonic flow about the boundary with Mach 
number My at infinity and with no circulation. In such a flow, denote the 
maximum of the local Mach number | grad ¢\/c throughout the flow by M,. 
Then My, varies continuously with Myo, and in allowing Mo to vary in the range 
0 < My <M), all values of M, occur in the rangeO SM, < 1.! 

The same result holds in the case of prescribed circulation about the 


object, with 17) depending on the circulation as well. 
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2. The partial differential equation (1) can be obtained as the Euler 
equation of a variational expression, namely 


5S S Glee? + ¢,?) dxdy = 0 (2) 


where 


G(¢;" + ¢y") = —(1 ne ay"( gr" st ¢y*) |" 7 a 


Normalize by factoring uw from the velocity potential yg, and a suitable con- 
stant from the variational integrand, so that dy? = My ?/(Mo? + 2/(y — 1)); 
the condition at infinity is now ¢, = |, ¢g, = O, and there is no circulation. 
The Euler equation is elliptic (the flow is subsonic) for g,? + g,? < (y — 1) 
(y + 1)ay? and is hyperbolic (supersonic) otherwise. 

Instead of considering the variational problem for ¢, we prefer to intro- 
duce the normalized stream function ¥(x, y) of the flow. The boundary 
condition 0¢/On = 0 then becomes Y = constant = O on the boundary. 
At infinity, ¥, = 0, y, = 1. The stream function y of the flow also has a 
variational formulation of the form 


5SS g(b.? + W,?) dxdy = 0, (3) 
with the Euler equation elliptic for 
v2? + Wy? < dy? (4) 


where / is a suitable constant depending on dp. 

3. The variational problem (3) is a regular variational problem, 
corresponding to an elliptic Euler equation, if the integrand is a convex 
function of ¥,, y,, which occurs in the range (4). Now select a value },’ 
slightly smaller than })’, for example, b> = (1 — €*)bo”. Define a new 
function h(y,? + y,?), which is a convex function of (y,? + vy?) *, is equal 
to g(W.? + y,”) in the range y,? + yp,” S b,’, and is equal to a + B(y,? + 
y,*) for sufficiently large y,? + y,’, where a, 6 are suitable constants. 
Furthermore, h(y,? + y,”) should be as often differentiable as desired, say 
with continuous derivatives up to the third order. 

Consider a new variational problem of minimizing the integral 


Hy) =SS [h(v.? + v2) — h(L) — 2h'(1)(y, — 1) dxdy = minimum 
5) 


among all functions ~(x, y) vanishing on the boundary. The terms 
h(1) + 2h’(1)(y, — 1) are subtracted from h(y,? + y,*) to obtain con- 
vergence of the integral at infinity, and these extra terms do not affect the 
Euler equation or the conditions of regularity of the integrand. 

As is discussed below, the variational problem (5) has a unique solution 
¥(x, y) which has continuous first and second derivatives and satisfies the 
Euler equation corresponding to (5), vanishes on the boundary, and the 
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integral JS [y,? + (Wy, — 1)?] dxdy converges. Denote this solution by 
¥(x, y; do) to indicate its dependence on the parameter dy occurring in the 
integrand. A proof is sketched below of the fact that y(x, y; do) has 
continuous first derivatives on the boundary of the region as well, that 
¥, > 0, ¥, > Latinfinity, and that y and its first derivatives depend contin- 
uously on the parameter do over the entire closed region including the bound- 
ary. 

In the range y,? + y,? S 6,’, the partial differential equation satisfied 
by yw is the desired equation for a subsonic flow, but it is not a subsonic 
flow outside this range. Denote the maximum of | grad y |, which occurs on 
the boundary, by V(d)). The quantity V(d)) depends continuously on do. 
As dy > 0, ¥(x, y; do) — the stream function for an incompressible flow with 
V (do) — the finite maximum velocity occurring in such a flow. On the other 
hand, both bo and 6, depend continuously on do, with by and 6; approaching 
© aSdy—>. Therefore, for sufficiently small a), we have V(ao) < 6). This 
is precisely the condition that h(y,*? + y,*) coincide with g (y,? + y,?) 
throughout the entire domain, so that the partial differential equation 
satisfied by (x, y; do) is that for the stream function of a subsonic flow. 
In fact, there is a range of dy in which V(a9) < 4, and in this range ¥(x, y; do) 
provides a subsonic flow about the object. Since 5; can be taken arbitrarily 
near bo, this establishes the theorem stated at the beginning of this note. 

The same idea can be carried through for the case of circulation as well. 
The variational formulation differs from (5) in that a different expression is 
subtracted from h(y,? + y,*). For a general convex integrand F(y,, yy). 
the variational expression is 


SS {Fe Wy) — F(S:, Sy) — A(x, ») (ve — Sz) — Bix, ») (Wy — S,)4 
dxdy, 
where S = y + o log R is a solution of F,,(0, 1)S,, + 2F,,(0, 1)Siy + 
F,(0, 1)S,, = 0, R being the distance in a plane obtained from (x, y) by a 
suitable linear transformation, and where for example A = F,(0, 1) + 
F,,(0, LS, + Fyo(0, 1) -(S, — 2), B = F,(0, 1) + Fyp(0, 1S, + Fyg(0, 1)- 
(S, — 1). 
4. Let F(p, q) be the integrand in (5) where p = ¥2,qg = py. We have 


2K(a*? + Bp?) = F pa? + 2F a8 -f F,, 8? > 2k(a*? + B?) (6) 
for arbitrary p,q, a, 8, where k and K are positive constants, and F(0, 1) = 
F(0, 1) = F,(0O, 1) = 0. The variational problem is (5). By the mean 
value theorem applied to the integrand, we see from (6) that 


K SS (yr? + (y — 1)*] dxdy 2 I[y] 2 RSS (ve? + (vy — 1)?] 


dxdy. 


There are therefore admissible functions (x, y) for which /[y] is con- 
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vergent, and the set of values of /{y] has a non-negative greatest lower 
bound. 

One can now establish, according to the known theory of double integral 
variational problems, that there exists a solution ¥(x, y) to the minimum 
problem, and this solution has continuous first and second derivatives in 
the interior of the domain B and satisfies the Euler equation. See references 
in footnote 2. 

5. There remains the essential step of discussing the behavior of the 
derivatives of y on the boundary and at infinity. Consider a point Py on 
the boundary C and transform a neighborhood in B of P» into the semicircle 
S: 1 > 0, & + n? < 1 of the (£, n)-plane, with » = 0, | &| < | corresponding 
to an are of C containing Po, by a single-valued invertible transformation 
x = x(§,), y = y(é, n) with bounded, continuous first and second deriva- 
tives and with Jacobian bounded away from 0. This can clearly be done 
in view of the smoothness assumption concerning the curve C. The fune- 
tion y becomes a function of £, 7, and set 


G( g, un Ver Y,,) _ F( yy &, + VNzs Weky 7 Vim): J 


where J = O(x, y)/O(, n). In the (&, 9)-plane, denote the arguments yy, 
y, in G again by p, g for convenience, without confusion with the previous 
use of p, g. Concerning G(£, n, p, g) in the semicircle S, we have 


2R(a? + B*) = G,ya* + 2GyaB + GB? = 2k(a? + B?) = (7) 


for all £, n, p, g, @, 8, with two positive constants k, K replacing k, K. 
From the fact that y minimizes /[y]|, there follows a variational condition 


which in the (£, »)-plane is 
SS (Gok; + Gik,) dé dn =0 


for every continuous function ¢(£, 7) defined over S, vanishing on the 
boundary n = Oand & + n? = 1 of S, and with bounded Dirichlet integral 
SS (¢,° + ¢,°) dE dn. We now proceed as in reference [6]. By translating 
the variational condition in the £-direction / units, one obtains a variational 
condition for the difference quotient Z = {y(— + h, n) — Ws, n){ /h. 
Selecting a suitable variation as in [6], and making estimates, one obtains 
kS® D,[Z| dr — Mi (S°% D,{Z] dr)'’* — Mz. S$ M,(D,[Z] — D,[Z])'” 
(8) 


where \/,, Mo, \/; are constants independent of h, and D,[{Z| is the Dirich- 


let integral f° f" (Z,* + Z,*) dé dyn taken over the semicircle &* + 9? Sr’, 
n>O. There results 
D,{Z| s M,forr Ss 1/2 (9) 


where A, is independent of h. 
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Somewhat different and more careful estimations based on the varia- 
tional condition for Z give an inequality in place of (8) from which one con- 
cludes, using (9), that there are positive constants a, Ms, independent of h 
such that 


D,(Z| = Mer* for r < 1/2. (10) 


The inequalities (9), (10) apply as well to circles about an arbitrary point 
not on the boundary. A property such as (10) for a function Z will be called 
a Morrey condition for the function Z. 

Letting h — 0 in (10) gives D,|y;| S Msr*. The expression D,|y,] in- 
volves the integral of (Wg? + ¥;,”). The partial differential equation for yp 
now gives a similar estimate for y,,”, with the result D,[y,| S Mer“. Thus 
the functions y%, y, satisfy a Morrey condition. The Morrey growth 
theorem [5] shows that the function y;, y, must then satisfy a Holder con- 
dition 


ly (P) — %(Q) | Ss MPO”, | ¥,(P) — ¥,(0)| S$ MPO™? (AD 


for any two points P, Q, where PQ represents the distance between P, Q. 
Transforming back to the (x, y)-plane gives a Holder condition on the 
derivatives y,, yy. This establishes the continuity of y,, y, on the boundary 
C of the region as well. 

The various bounds are independent of ad) in a given range of dp. Thus 
(11) will also establish the continuous dependence of the first derivatives 
Vr, Wy ON do as well. 

Returning the (x, y)-plane, and making use of the analog of (9) for the 
exterior of circles, one obtains the continuity of ¥,, y, at the point at in- 
finity as well. 

The desired behavior of ¥,, Y, on the boundary and at infinity is thereby 
obtained, and the principal theorem is proved. 


! Minimal surfaces have been treated by L. Bers, Trans. Am. Math. Soc., 70, 465- 
491 (1951), using the continuity method of Schauder-Leray and explicit representations 
of minimal surfaces. 

2(1] Haar, A., Math. Ann., 97, 124-158 (1927); [2] Tonelli, L., Ann. Scuola norm. sup. 
Pisa, 11 8.2, 89-130 (1933); [8] Hopf, E., Math. Zeits., 30, 404-418 (1929); [4] Morrey, 
C. B., Trans. Am. Math. Soc., 43, 126-166 (1938), [5] Morrey, C. B., Univ. Cal. Publ 
Math., 1, 1-130 (1943); [6] Shiffman, M., Ann. Math., 48, 274-284 (1947). 
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GROUP INVARIANT INTEGRATION AND THE FUNDAMENTAL 
THEOREM OF ALGEBRA 
By HERBERT SCARF 
DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY 
Communicated by S. Bochner, March 21, 1952 
In this note we shall obtain a proof of the fundamental theorem of 
algebra, using the fact that a group invariant integral may be constructed 
on a compact group. The essential lemma embodying this fact will be 


the following important proposition. 


Lemma. If a group of linear transformations y, = >, a,,(t)x; has the 
} 


property that |a,(t)| <M, then there exists a positive definite quadratic 
form xXx, which ts left invariant by all of the transformations of the 
g / / ‘J - - 
F 


group. 

In order to prove the fundamental theorem we shall assume, to the 
contrary, that there exists a polynomial p(x) of degree n > 2, with real 
coefficients, leading coefficient 1, which is irreducible over the reals, and 
will deduce a contradiction. Then the ring Re{x|/ p(x), of polynomials 
with real coefficients, taken modulo p(x) is actually a field, which shall 
be denoted by F. This field may be considered as a vector space of dimen- 
sion » over the real numbers, and after choosing a fixed basis, which we 
assume done, may be represented by the points in n-space. If ¢ is any 
non-zero element of F, then y = tx is a non-singular linear transformation, 
where the multiplication used is that of the field. After deletion of 0, 
the remaining points of n-space operate on themselves, and therefore 
constitute a group space. However, it is still too early to use the lemma 
mentioned above, since the coefficients of the transformation, which are 
linear forms in the components of ¢, are not yet bounded. In order to 
obtain a bounded subgroup, we consider the set G of elements of F which 
have the property that N(x) = 1, where N(x) is the norm of an element 
in F. The norm is a homogeneous polynomial of degree in the  com- 
ponents of x. As was mentioned before, if we write the transformation 
y = ¢x in the customary matrix form, then the elements of the matrix 
a,(t) are linear forms in the components of ¢. Therefore to show that 
a;(t) are bounded, it is sufficient to show that the components of f¢ are 
bounded for all fin G. Assume that this is not so; then there 1s, in G, 
a sequence of elements (/;) whose maximum component in absolute value, 
which we shall write as m(/,) tends to ©. Then ?¢,/m/(t,) has all components 
£1, and at least one component equal to 1, in absolute value, but 
N4t,/m(t)} = N(t)/(m(t,) |" = 1/[m(t)"| > 0. The sequence t,/m(t,) has 
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a limit point fin F, which is not 0, but V(t) = 0. This is a contradiction, 
and thus the lemma is applicable to G. 

Let g(x) be that positive definite quadratic form, normalized so that 
g(1) = 1, which has the property that g(tx) = g(x) for all ¢ and x in G. 
Putting x = 1, we see that for all ¢ in G, g(t) = 1 = N(t). Now if x is 
any non-zero element of F, Nix/N(x)''"{ = 1, so that g{x/N(x)'""}| = 1, 
and g(x)" = N(x)*, since g(x) is homogeneous of degree 2. In particular, 
we shall put x = u —r, where p(r) = 0, and uw is a real indeterminate. 
Then N(x) = N(u —r) = p(w) and g(x) becomes an irreducible quad- 
ratic polynomial, say /(u). We obtain the relation f(u)" = p(u)*. There- 
fore p(u) is divisible by f(u) and has a quadratic factor. If m > 2, this 
contradicts the irreducibility of p(x). 

Acknowledgment. 1 wish to thank Prof. Bochner for assistance rendered. 


SMALL SUBGROUPS OF FINITE-DIMENSIONAL GROUPS 
By DEANE MONTGOMERY AND LEO ZIPPIN 
INSTITUTE POR ADVANCED Stupy, PRINCETON, N. J. 
Communicated by Oswald Veblen, March 24, 1952 


1. In this note we outline the proof of a theorem which shows that 
the study of finite-dimensional groups may be reduced to the case of 
finite-dimensional groups which have no small subgroups. A group is 
said to have no small subgroup if it has a neighborhood of the identity 
which contains no subgroups except the one consisting of the identity alone. 

Our principal result is the following : 

Tueorem A. If G ts a separable metric, locally compact, finite-dimen- 
stonal, connected, and locally connected topological group and tf all of the 
proper subgroups of G are generalized Lie groups, then G contains an invartant 
closed generalized Lie group I such that the group G/H is finite-dimensional 
and has no small subgroups. 

Generalized Lie groups have been defined and studied by Gleason and 
Iwasawa.' Such groups contain an open (and closed) subgroup which is 
a projective limit of Lie groups. 

2. Gleason has recently proved the beautiful theorem that a finite- 
dimensional group without small subgroups is a Lie group. This result, 
combined with Theorem A, with the known extension theorems for general- 
ized Lie groups, and with a theorem of Goto’ establishes the fact that 
every finite-dimensional (separable metric, locally compact) group is a general- 
ized Lie group. Such groups, if they are locally connected, are Lie groups. 
In particular then all locally euclidean groups are Lie groups. 
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The result underscored above is proved by induction. It is known for 
n = | (and also for n = 2, 3, 4).* Supposing that it is not generally true, 
one chooses a group F of lowest possible dimension which is not a general- 
ized Lie group. Let A be the identity component of F, and let G be the 
uniquely determined everywhere dense locally connected subgroup of F. 
The group G satisfies the premise of Theorem A. Then the group G/// 
determined in the conclusion of that theorem is a Lie group by Gleason's 
result. Therefore G is a Lie group. By Goto’s result it follows that A, 
and also F, is a generalized Lie group. 

3. The essential steps in establishing Theorem A are the following three 
theorems. For convenience we state the premise of Theorem A as the 
property (1): G is separable metric, locally compact, finite-dimensional, 
connected and locally connected, and every proper subgroup of G is a generalized 
Lie group. 

THeoreM |. J/f G satisfies (1) then G contains an invariant generalized 
Lie group II such that the factor group G/ HI satisfies (1) and in addition has 
only the identity in its center. 

This is proved by factoring G by its center, and continuing the process 
if necessary. Only a finite number of steps are possible. It is conceivable 
at this point that the dimension of G/// may exceed that of G. 

THEOREM 2. The group G/Il of Theorem 1 contains no infinite compact 
zero-dimensional group which commutes (element by element) with a subgroup 


of positive dimension. As a corollary G/ IH can contain no infinite compact 


abelian zero-dimenstonal subgroup. 

The corollary follows quickly from the theorem and the fact that if 
x is an element of G and G, denotes the subgroup of elements of G commut- 
ing with x, then dim G, = 0 implies that G, is discrete.‘ 

The proof of the theorem is based on finding in G/// a local Lie subgroup 
R such that R commutes with an infinite compact zero dimensional group 
and such that: 

(a) R is equal, in the small, to the identity-component of its normalizor. 

(b) Two “‘transforms”’ of R, i.e., two conjugate subgroups, either coincide 
or meet in the identity only. 

After R is found, one can show that on the one hand the space G/R must 
be locally simply connected and that on the other hand it cannot be locally 
simply connected. This contradiction establishes the theorem. 

THEOREM 3. The group G/I1 of Theorem 2 has no small finite subgroups. 
Asa corollary, it has no small subgroups at all. 

The corollary follows from the theorem and the corollary to Theorem 2. 
The proof of Theorem 3 is somewhat similar to that of the preceding 
theorem. If small finite subgroups exist then one finds again a local Lie 
subgroup R satisfying (a) and (b) above and this can be used to prove that 
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G/11 is locally shrinkable. This shows that G/// cannot have small finite 
groups and this contradiction proves the theorem. 

! Gleason, ‘The Structure of Locally Compact Groups,’’ Duke Math. Journal, 18, 
85-104 (1951) and Iwasawa, ‘On Some Types of Topological Groups,” Ann. Math., 50, 
507-557 (1949). The definition of Gleason's generalized Lie groups is more general than 
that of lwasawa’s L-groups but the difference is not great. 

2 Goto, “On Local Lie Groups in a Locally Compact Group,"”’ Ann. Math., 54, 94-95 
(1951) 

’ Montgomery, ‘Connected One-Dimensional Groups,” /bid., 49, 110-117 (1948) 

* Montgomery and Zippin, ‘ Existence of Subgroups Isomorphic to the Real Numbers,” 
[hid., 53, 298-326 (1951) 


A CASK OF “MATERNAL” INHERITANCE IN 
NEUROSPORA CRASSA* 


By Mary B. MircueLt AND HERSCHEL K. MITCHELL 


K ERCKHOFF LABORATORIES OF BIOLOGY, CALIFORNIA INSTITUTE OF TECHNOLOGY, 
PASADENA, CALIFORNIA 


Communicated by G. W. Beadle, March 3, 1952 


The inheritance of mutant characters of Neurospora has not previously 
been found to be influenced by the way in which crosses were made. 
Whether protoperithecia were furnished by one parent or the other, the 
result, in so far as the types of progeny recovered were concerned, was the 
same. In the case to be considered here, however, the inheritance of a 
slow-growth character, which has been designated as poky, appears to 
be dependent upon its being carried by the protoperithecial parent. If 
the strain which furnishes the protoperithecia is considered to correspond 
to the maternal parent on the basis that it also furnishes the greater part 
of the cytoplasm from which the ascospores are derived, then this case 
appears analogous to those which have been described in other organisms 
(reviewed by Sonneborn'). In its failure to be transmitted (when it is 
carried by the fertilizing parent and not by the protoperithecial parent) 
the poky character resembles in behavior the petite character in yeast, 
described by Ephrussi? and his collaborators. A simple comparison of 
the two cases probably cannot be made, however, since the yeast asco- 


spores arise from a mixture of the cytoplasms of the two parents, whereas, 
in obligate heterothallic strains of Neurospora, it appears probable that 


5 


such mixing does not occur.® 

The growth rate of poky strains is as greatly reduced as that of many 
biochemical mutants on minimal medium, but, so far, normal growth of 
poky has not, been observed on any type of medium which has been tested. 
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The Inheritance of Poky.The character was first observed among the 
progeny of crosses of a standard wild type, 7A, to four different strains. 
From two of these crosses, in which 7A had been used as the protoperi- 
thecial parent, all spores from the 10 asci examined gave rise to strains 
which required 10 to 12 days to complete their growth on agar slants. 
(This is accomplished by wild strains and by many suitably supplemented - 
biochemical mutants in 3 to 4 days.) The remaining two crosses had beer’ 
made by simultaneous inoculations, but one of these gave only slow progeny 
from 13 asci derived from the 5 perithecia which were observed. Three 
perithecia were observed from the fourth cross and from two of these all 
spores of 11 asci produced slow strains, but from the third perithecium the 
6 asei isolated contained only normal spores. 

A poky strain, designated po-1437-3 (1437 = ascus number; 3 = spore 
pair number), from one of the above four crosses, was crossed to standard 
wild type as the fertilizing parent and as the protoperithecial parent. 
The manner in which crosses were made will henceforth be designated by 
placing the protoperithecial parent first. All spores of 5 asci from the 
cross, wild & po-1437-3A, gave rise to normal strains, but 5 asci from the 
reciprocal cross (po-1437-3A & wild) contained only spores which produced 
poky strains. Spores from these crosses were then plated on minimal agar 
and observed after about 15 hours’ incubation at 25°C. Spores from 
poky X wild had produced the very short hyphae which had character- 
ized those from the all poky asci. The plate was incubated for about 
30 hours longer and examined from time to time so that it was quite clear 
that, although the mycelia could be seen to be growing slowly, none of the 
spores (approximately 2000) produced strains with the normal growth rate. 
Spores from wild X poky, on the other hand, showed the extent of mycelial 
growth which is characteristic of wild type under these conditions, and after 
about 24 hours’ incubation the surface of the agar was well covered with 
mycelium. Although it could not be said with certainty that no poky 
spores were present, there were clearly very few. (Almost any wild & wild 
cross which has been examined in this fashion gave occasional strains 
whose growth on the agar plate was slower than that of mostot the wild types.) 

By repeating the cross, po-1437-3A * wild and other poky & wild 
crosses, using poky protoperithecial cultures of different ages, it was found, 
as would be expected, that the slow growth rate of poky complicates the 
problem of timing the cultures so that poky will act as the protoperithecial 
parent. Many strains may be seen to have formed numerous protoperi 
thecia after 3 to 5 days growth, but in poky cultures they begin to appear 
later, in small numbers which increase slowly over a period of several days. 
lf the wild-type conidia were added too soon, before the surface of the 
agar was well covered with mycelium from poky, then, apparently the wild 
strain grew and formed protoperithecia. Both wild and poky progeny 
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were usually recovered from such crosses. If the cultures were fertilized 
too late the crosses tended to give few mature perithecia and few spores, 
possibly because some of the protoperithecia had become too old to func- 
tion. In what follows, unless otherwise stated, cultures were fertilized 
only after some protoperithecia could be seen by microscopic examination. 
In a few cases this occurred after 7 days, but more frequently 10 to 15 
days were required, 

A poky ascus, po-1720, from po-1437-3A X wild Sa and a not-poky 
ascus, 1723, from the reciprocal cross were selected for further study. 
Reciprocal crosses of the strains derived from each of the four spore pairs 
of each ascus were made to standard wild type 1347-2a or 1400-4A. Crosses 
of the eight strains were also made to one or the other of two poky strains, 
po-1720-1A and po-1720-2a, from the same poky ascus. The spores were 
plated, heat treated, incubated for 12 to 20 hours, and counted. Results 
appear below. 

poky WILD poky? 
po-1720-1A X wild 0) 1749 wild X po-1720-1A 912 7 
po-1720-2a & wild 0 3247 wild X po-1720-2a 1339 9 
po-1720-3A X% wild 0) 1261 wild X po-1720-8A 1318 
po-lA720-4a & wild 0 1648 wild X po-1720-4a 1247 11 
po-1720-1A X po 0 1750 
po-1720-2a X po 0 3224 
po-1720-3A X po 0 2482 
po-\720-4a X po 0 3135 
1723-1A x wild 1334 10? wild & 1723-1A 1261 
1723-2a wild 283 9? wild X 1723-2a 1423 
1723-3A x wild 1161 8? wild X 1723-3A 1001 
1723-4a X wild 1199 6? wild & 1723-4a 1029 
1723-1A X po 1128 3? 
1723-2a X po 1028 12? 
1723-3A X po 1212 16? 
1723-4a X po 1151 30? 

Crosses of strains from the not-poky ascus, 1723, to wild and to poky 
gave a few spores from which the mycelia grew too slowly on the agar 
plate for these spores to be classified as normal wild types. They are 
tabulated provisionally as poky, as indicated by the question marks. A 
few such spores from each cross were isolated and transferred to agar 
slants, upon which some of them grew more slowly than standard wild 
types, but none were nearly slow enough to be classified as poky. 

Asci were isolated from the crosses, tabulated above, of po-1720 strains X 
wild, and one ascus from each of the four crosses was selected. These are 
designated po-1803, -18S12, -ISIS and -1827 and were derived from strains 
po-1720-1, -2, -3 and -4, respectively. Spore counts from reciprocal crosses 
of the 16 poky strains, from these asci, to wild type i347-2a or 1400-4A 


are given below. 
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poky WILD 
wild 25 1024- wild X po-1803-la 1634 
wild 0 1578 wild X po-1803-2a 1349 
wild 4 1626 wild X po-1803-3A 1054 
wild 0 1275 wild & po-1803-4A 885 
wild 0 2265 wild X po-1812-la 1787 
37 3012 wild X po-1812-2A 933 


po-1803-la 
po-1803-2a 
po-1803-3A 
po-1803-4A 
po-1812-la 
po-1812 2A 
po-1812-8a 
po-1812-4A 
po-1818 1A 
po-1818-2a 
po-1818-3a 
po-1818-4A 
po-1827-la 
po 1827-2a 
po-1827-3A 
po-1827-4A 


wild $4 

wild 51 2069 wild X po-1812-3a 1051 
wild 1350 wild & po-1812-4A 909 
wild 0 1723 wild XK po-1818-1A 1146 
wild 1532 wild & po-1818-2a 1094 
wild 12 965 wild X po-1818-3a 1388 
wild 0 1434 wild X po-1818-4A 1018 
wild 14 2345 wild & po-1827-la 1146 
wild 20 1074 wild X po-1827-2a 1251 
wild 36 1957 wild X po-1827-3A L069 
wild 0 1419 wild X po-1827-4A 1081 


KAKRKRMKRM KRM MK MM MM RM 


A summary of the crosses from which these strains were derived is as 
follows: 


po-1437-3A—from 7A X 27947, 37301-1093-3a (27947, 37301-1093-3a is an arginineless, 
pyrimidineless double mutant——neither of the mutant genes is present in po-1437-3) 

po-1720-1, -2, -3 and -4—from po-1437-3A * wild-8a 

1723-1, -2, -3 and -4—from wild-Sa & po-1437-3A 

po-1803-1, -2, -3 and -4—from po-1720-1A & wild-1347-2a 

po-1812-1, -2, -3 and -4—from po-1720-2a &* wild-1400-4A 

2, -3 and -4—from po-1720-3A & wild-1347-2a 

4 1 


po-1818-1, -2 
2, -3 and from po-1720-4a X& wild-1400-4A 


po-1827-1, -: 


From the behavior of poky in these crosses it appears highly probable 
that the character is transmitted only when it is carried by the strain 
which functions as the protoperithecial parent. The difficulty encountered 
in attempting to ensure that poky strains function thus has already been 
mentioned. Protoperithecial cultures for the crosses po-1720-1, -2, -3 and 
-4 X wild, for which the counts are given, were allowed 15 days to develop, 
and, as the table shows, no wild-type progeny were observed. When 
these same crosses were made from 4-day protoperithecial cultures, how- 
ever, both types of progeny were found among random spores from all 
four crosses. A small number of asci (10 to 15 from each of these crosses) 
were examined and all those from po-1720-1, -2 and -4 * wild contained 
only poky spores. From po-1720-3 wild 10 asci from 2 perithecia con- 
tained poky spores but from a third perithecium 3 asci containing only 
wild-type spores were obtained. Whenever asci were examined from 
crosses which gave both types of progeny it was found that all spores of 
an ascus and all asci from the same perithecium were of one type. The 
observations of Dodge* and Sansome* ° on cultures of N. sitophila and 
N. crassa, in which mycelia of strains of opposite mating type were growing, 
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have indicated that, in these species, each strain forms protoperithecia 


which are fertilized by the other, rather than that a bisexual mycelium is 


formed and the perithecia produced by it. If this is the case then the fact 
that only one type of progeny was obtained from a perithecium can be 
explained on the assumption that the progeny resemble the parent which 
produced the protoperithecium. The appearance of wild types among 
the progeny of poky X wild crosses would then depend upon the oppor- 
tunity for wild type to act as protoperithecial parent. In agreement with 
this is the observation that their appearance seems to be favored by the 
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FIGURE 1 
Growth curves for poky (solid dots) and not-poky (open circles) strains. The four 


points at each time interval represent dry weights for strains from spore pairs of the 
asci po-1852 and 1849 


use of very young poky protoperithecial cultures, in which, it appears 
likely, the wild type fertilizing strain would have a better chance of grow 
ing. The fact that wild-type progeny were not observed from poky X poky 
crosses (about 4000 spores from four crosses besides those tabulated were 
examined) suggests that wilds from poky & wild crosses did not arise from 
reversion of poky. 

Wild Type 7A and the Occurrence of Poky.—At the time of preparation 
of the crosses from which poky was first obtained, 7A grew more slowly 
than wild type Sa but it clearly was not so slow as poky. Upon being sub- 
cultured several times, however, it became more slow-growing until it 
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resembled very closely poky strains from single ascospore isolations. In 
reciprocal crosses with wild-1347-2a it then behaved as a poky strain. 
The strains derived from two asci, po-1852 from 7A X wild and 1849 from 
wild X 7A behaved in crosses with wild as did those from po-1720 and 
1723. There is no indication as to what was responsible for the conversion 
of the vigorous wild type, 7A, into poky. Isolates from the cross, wild X 
7A, are being kept under observation to see whether they will become poky. 

Mixed Cultures Involving Poky.—In connection with the question of 
whether the poky character may be due to infection, by, perhaps, a virus, 
the behavior of poky strains in mixed cultures has been studied, although, 
so far, in a limited fashion. Slants of Westergaard’s minimal medium’ 
were inoculated with dry conidia from one or the other of two poky strains, 
po-1720-1A and po-1720-2a and from one of the following strains of the 
same mating type: not-poky-1723-2; arginineless mutants,* 30300 and 
34105 which grow slowly without arginine; the ‘‘colonial,’’ 70007; a 
double mutant (kindly turnished by Dr. T. H. Pittenger of this laboratory ) 
of albino 15300 and C102, a mutant which is phenotypically wild at 25°C. 
but “colonial” at temperatures above about 31°C. Cultures involving 
this double mutant were kept at 34°C., at which temperature the expres- 
sion of the ‘colonial’ character is extreme. Mixed cultures of poky with 
the phenotypically normal strain, 1723-2, were not distinguishable from 
the 1723-2 controls and in none of the four other cases was there any indi- 
cation that a heterocaryon had been established. Growth in mixed cul- 
tures involving the two arginineless mutants kept pace with that in control 
cultures of the faster growing component, which was poky in one case and 
34105 in the other. In the “colonial” + poky cultures both types of my- 
celium could be seen to be growing together with no indication of increased 
vigor or loss of the “‘colonial’’ character. The behavior of mixed cultures 
in which growth was more rapid than that of poky perhaps suggests that 


if poky carries an infective agent it is not readily transmissible by contact. 
Growth Responses of Poky..-Growth rates of poky and wild type were 


compared at 25°C. in growth tubes” containing minimal agar medium. 
The average rate for three 24-hour periods was, for po-1437-3, 1.6 mim. 
per hour and for wild-1400-4, 43.1 mm. per hour, It was clear that this did 
not indicate the real difference in the rates at which mycelium was being 
produced by the two strains, since growth of poky was less dense than that 
of wild type. A much greater difference was apparent when growth rates 
were measured by the increase in dry weight with increasing length of 
growth period. Dry weights from cultures in 125-ml. flasks containing 
20 ml. of unsupplemented liquid medium were measured for the four 
strains from ascus po-1852 from 7A X wild-1347-2a and for those from the 
not-poky ascus, 1849 from the reciprocal cross. Growth rates of the not- 
poky strains were not significantly different from those of standard wild 
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types, and, as figure 1 shows, were about 8 times as high as those of the 
poky strains. 

The growth rate of poky has not been restored to normal by any supple- 
ment which has been tested. Some mixtures of growth factors are stimu- 
latory, but they are also stimulatory to wild type. The following are 
some dry weights in mg. obtained after 91 and 144 hours’ growth of wild- 
1400-4 and po-1720-2, respectively. The supplements given were added 
to 20 ml. of medium in which the carbon source was 300 mg. of sucrose, 
except when otherwise stated. 

WILD poky 
(91 HouRS) (144 HOURS) 
Supplement 

None 13.5 

Casein, acid hydrolyzed, 40 mg ( 20 

Bacto-yeast extract, 40 mg, 29 

Bacto-peptone, 40 mg. j 24 

Lederplex B-complex capsule in 10 ml. H,O, 0.2 ml. 80 19 
Carbon source 

Glucose, 300 mg. 74 12 

Fructose, 300 mg. 78 5 

Molasses (Grandma's), 500 mg 99 23 


The reduced growth of poky with fructose as the carbon source is repro- 
ducible if cultures of this age, or younger, are observed, but in older 
cultures, the difference in dry weight on glucose and fructose disappears. 
Since wild-type strains tested gave, on fructose, lower dry weights from 
very young cultures, a real difference between poky and wild type does not 


appear t6 be indicated. 
Biochemical Differences.—A number of preliminary observations have 
been made concerning biochemical similarities and differences between 


poky and not-poky strains. Activities of the enzymes, acid and alkaline 
phosphatase (p-nitrophenyiphosphate substrate) pyrophosphatase, meta- 
phosphatase, tryptophan desmolase and succinic acid dehydrogenase, in 
cell-free preparations, are from 0 to 40° higher in the poky strain than in 
the wild strain studied. The differences, based on dry weight of mycelium, 
are not considered significant at the present time. 

With regard to other chemical constituents the poky and wild strains 
studied do not differ significantly in their content of polysaccharide but 
poky is relatively low in protein, nucleic acid and uncombined glucose. 
These observations were made on only a few strains, and not on all strains 
from an ascus. It is not yet certain, therefore, that the differences are 
associated with the poky character since they may be due to the actions 
of segregating genes. ; 

Discussion.— Since the observations reported appear to support the view 
that the poky character is inherited only when it is carried by the proto- 
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perithecial parent, the possibility that something is being transmitted 
through the cytoplasm is immediately suggested. However, with so little 
information available as to the possible nature of the defect which produces 
the poky phenotype, conclusions regarding the mechanism of its trans- 
mission would necessarily be highly speculative in nature. It seems 
preferable, for the present, to look upon the phenomenon as the perpetua- 
tion, through the protoperithecial parent, of a certain “physiological 
state.”’ It is to be hoped that further investigations on the physiology of 
poky strains will throw some light on this mechanism, but it should perhaps 
be kept in mind that a strain which is so different in growth rate would be 
expected to show many physiological differences from normal strains and 
it may be very difficult to distinguish between differences which result from 
the slow rate of growth and those which cause it. 

* This work was supported in part by funds from the Rockefeller Foundation and by 
funds from the Atomic Energy Commissipgn administered through contract with the 
Office of Naval Research, U. S. Navy, Contract N6 onr-244, Task Order V. 
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ON THE LAW OF CONSERVATION OF HEAVY PARTICLES* 
By E. P. WIGNER 
PALMER PHysICAL LABORATORY, PRINCETON UNIVERSITY 
Communicated March 2, 1952 


The purpose of this note is to trace in more detail the consequences of 
treating the conservation law for heavy particles! on a par with the con- 
servation law for electric charges. It is thus an attempt to guess at the 
properties of particles as yet unknown and their interactions, and there- 
fore speculative. However, it does not attempt a classification of elemen- 
tary particles similar to that proposed recently by several writers, in par- 
ticular, A. Pais.? In this regard it is somewhat more conservative. 

We do not know the deeper cause of the conservation law of charges 
in the same sense as we know, for instance, the cause for the conservation 
of angular momentum.* Perhaps the clearest sign hereof is that the 
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quantization of the angular momentum follows from the same considera- 
tion which leads to its constancy in time while no known derivation of the 
charge conservation law explains the existence of an elementary charge. 
The deeper cause for the conservation law for heavy particles is equally 
unknown and no attempt will be made here to find it. It will be assumed 
instead that the two conservation laws have similar causes and that these 
have similar consequences. 

The fundamental reason for believing in the conservation law for heavy 


particles stems from the fact that no phenomenon has yet been observed 


in which a heavy particle has disappeared without the formation of another 
heavy particle. In particular, the proton appears to be entirely stable 
even though its disintegration into other particles would not violate any 
of the other conservation laws. 

There are two ways to determine the electric charge of a particle. One 
of these is given by the charge conseryation law itself, according to which 
the sum of the charges of the products of any reaction must be the same 
as the sum of the charges of the particles entering the reaction. So far 
this has been the only way to ascertain the “heavy’’ character of any 
particle. Sinee the neutron transforms by 8 decay into a proton it must 
be a heavy particle and the same is true of the Vy. If we wish to explain 
the stability of the proton by the heavy particle conservation law, it must 
be the lightest heavy particle. However, it does not follow that all par- 
ticles which are heavier than the proton are heavy in the sense here used. 
It does follow, however, that all heavy particles, in particular also the 
ly, eventually transform into a proton and that they cannot disintegrate 
without a heavy particle, and thus eventually a proton, resulting from 
the disintegration, Particles which are heavy in the sense here used may 
be said to have unit neutronic charge. The neutronic charge should play 
the same role for the conservation law of heavy particles as the electric 
charge plays in the conservation law of electric charges. It also has oppo- 
site sign for particle and antiparticle. 

The second way to obtain the electric charge of a particle is to bring it 
into interaction with the electro-magnetic field. It is under these condi- 
tions that the quantization of the charge manifests itself. The interaction 
with the mesonic field seems to be the analog of this for heavy particles. 
If this analogy is to hold, the mesonic interaction of all heavy particles 
must be the same, apart from the sign. As far as the proton and neutron 
are concerned this is known to be correct approximately and leads in 
nuclear spectroscopy to the concept of the so-called 7 multiplet.‘ How- 
ever, if the analogy which we pursue is correct, the equality should be as 
accurate as that between the electric charges of the proton and _ the elec- 
tron.® Furthermore, the mesonic charge of the Vy) particles should also be 
equal to that of the proton. From this it follows that the potential be- 
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tween the Vo and the proton should be the same as between the neutron 
and the proton, at least as far as both potentials are due to the interaction 
with 7 mesons. Under this assumption, the scattering cross-section for the 
collision of Vo particles with protons or neutrons is very nearly equal to 
the proton-neutron scattering cross-section at the same energy. If it 
should be possible to measure the former cross-sections it would give a clue 
concerning the validity of the analogy between heavy particle conservation 
and charge conservation laws. 

* The contents of this note have been presented November 10, 1951, to the New 
Jersey Science Teachers Association 

‘It is difficult to trace the first statement of this principle. It is clearly contained 
in the writer’s article in Proc. Am. Philos. Soc., 93, 521 (1949), but may have been 
recognized about that time also by others, cf. T. Okayama, Phys. Rev., 75, 308 (1949). 
C. N. Yang informs me that the purpose of introducing an imaginary character to the 
reflection properties of certain fermions in the paper of J. Tiomno and C. N. Yang 
(Phys. Rev., 79, 495 (1950)) was to explain this principle. Cf. also L. 1. Schiff, Phys 
Rev., 85, 374 (1952) and, in particular, P. Jordan, Z. f. Naturf., 7a, 78 (1952) 

2 Pais, A., “On the V-Particle.’’ To appear shortly, Also literature quoted there 

8 Cf., e.g., the discussion in the article quoted in reference 2 

‘Cf., e.g., E. P. Wigner and E. Feenberg, Reports on Progress in Physics, Vol. VILL, 
1942, p. 274, or W. Heitler, Proc. Roy. Irish Acad., S51A, 33 (1946). Recently K. A 
Brueckner gave a very interesting illustration of the principle given in the last refer 
ence (Bull. Am. Phys. Soc., 27, 1, paper Y9 (1952)) 

5 Schwinger, J., Phys. Rev., 78, 135 (1950) demonstrated possible causes which give 
apparent, but only apparent, deviations from this equality 


ON THE SODIUM AND POTASSIUM BALANCE OF ISOLATED 
FROG MUSCLES* 


By H. BurR STEINBACH 
DEPARTMENT OF ZOOLOGY, UNIVERSITY OF MINNESOTA, MINNEAPOLIS, MINNESOTA 
Communicated by W. O. Fenn, March 15, 1952 


Isolated frog sartorii, so treated as to become enriched in intra-fibral 
sodium and depleted of potassium have been shown to be able to extrude 
excess sodium against both chemical and electrical gradients.':* From 
various considerations it has been assumed that the potassium uptake 
under these conditions is due to a passive movement of the ions to reach 
an electrochemical equilibrium with the extra-fibral potassium. Appro- 
priate calculations make it probable that this is the correct interpretation 
but it would be desirable to have more direct evidence that potassium 


uptake is indeed directly dependent upon the outward extrusion of sodium. 
The high sodium condition is reached by soaking isolated muscles in 
K-free salt solution. During this extraction period there is a slow net out- 
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ward leakage of potassium and an equal net gain of sodium, the sum of 
the two ions remaining approximately constant for a given muscle. If 
the potassium depletion is accomplished by substitution of the intra-fibral 


TABLE 1 


FINAL 
Na CONCENTRATION K CONCENTRATION RELATIVE 
TREATMENT MUSCLE FIBERS A FIBERS MUSCLE FIBERS A PIBERS WEIGHT 


A 
extracted: ¢ 33 44 
0.11 M choline re 40) 49 
0.01 M Na 30 40 
Recovery: i 33 40 
0.12 M Na 35 
0.01 MK ‘ 41 
5 51 


58 


B 
Extracted: : 42 
0.12 M Na 2 58 
Recovery: 40 
0.11 choline 60 
0.01 Na 
0.01 K 
C 
Extracted: 
0.055 choline 
0.065 Na 
Recovery: 
0.055 choline 
0.065 Na 
0.0L K 


Sodium and potassium concentrations in isolated frog sartorii. All muscles were 
soaked in extraction media as indicated for about 24 hrs. at ca. 5°C. One member of 
each pair was then analyzed at zero time (start of recovery period), the other member 
placed for the time indicated in the recovery solution at room temperature (ca. 22°C.) 
All solutions, extraction and recovery, were buffered at pH 7.2 + 0.1 with 0.005 
sodium phosphate buffer. Muscle concentrations expressed as mmols./kg. final wet 
weight. For calculating intra-fibral concentrations an extrafibral space of 25° was 
assumed, Final relative wet weights given as per cent of wet weight at the start of 
the recovery period (zero time). Each figure represents an average of three separate 
analyses. ‘A fibers’? column gives change in fiber concentration as the difference 
between the control muscle at zero time and the experimental muscle after recovery. 
All figures have been rounded out to the nearest millimol. 


potassium by an indifferent cation, not actively extruded as is sodium, 
then the subsequent uptake of potassium during a recovery period in 
potassium-containing solutions should not take place if the uptake is de- 
pendent upon active outward extrusion of, e.g., sodium. On the other 
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hand, if potassium uptake depends upon any inward secretion of the 
element, the recovery should take place since there is evidence that chloride 
ion could enter to maintain electroneutrality. 

Experiments are reported here in which muscles have been depleted of 
both sodium and potassium by soaking in solutions in which potassium is 
lacking and in which sodium has been substituted in varying degrees by 
choline. Choline, as choline chloride (General Biochemicals) was used 
as an indifferent cation since its physical properties are widely different 
from those of sodium, and hence would not be apt to participate in sodium 
extrusion mechanisms, and since it has been used widely as an indifferent 
ion in physiological studies on nerve.* 

Experimental procedures were as previously reported.? Variations in 
details are noted in table | which gives the results pertinent to the present 
discussion. 

Muscles extracted in the cold in K-free, low-Na choline chloride solu- 
tions have about the same low potassium concentrations that they would 
have had had they been extracted in K-free NaCl solutions (compare 
table 1, A and B). They also show the very low intra-fibral sodium con- 
tent expected on the assumption that the loss of potassium is compensated 
for by a gain of choline. No marked changes in weight were observed, 
hence it can be assumed that the total fiber cation concentration did not 
change. Such muscles, depleted of both sodium and potassium, show no 
significant recoveries of potassium when immersed at room temperature 
in K-containing NaCl recovery solutions. Of perhaps equal importance 
is the finding that during the recovery treatment the sodium content of 
the muscles does not rise above.a level that can be accounted for by an 
increase in extrafibral sodium, thus indicating that the fiber surfaces are 
intact. These findings are completely consistent with the point of view 
that potassium uptake of K-depleted fibers is dependent upon the active 
extrusion of another cation, normally sodium. 

High concentrations of choline might have toxic effects in general on 
muscle even though such toxicity is not reflected in the ability of the 
fibers to maintain a low sodium concentration against a strong chemical 
gradient (cf. table 1, A). As further tests for possible deleterious effects 
of the choline, two other series of experiments were carried out. In the 
one series muscles were extracted in the cold in the usual K-free NaCl 
extraction medium and then allowed to recover in K-containing choline 
solutions (table 1, B). In the other series, extractions in the cold were in 
K-free isotonic mixtures of NaCl and choline chloride with recoveries at 
room temperature in the same choline NaCl mixtures with added potas- 
sium (table 1, C). Muscles depleted of potassium and enriched in sodium 
to the normal degree are able to regain potassium at a normal rate when 
intra-fibral sodium is lost (presumably extruded) to the high choline 





454 PHYSIOLOGY: H. B. STEINBACH Proc. N. A. §. 


medium. There are no signs of a toxic effect of choline on the recovery 
process. Likewise, when extractions and recoveries are carried out in 
choline-NaCl mixtures, the sodium changes and the coincident potassium 
shifts (table 1, C) are intermediate between the extremes noted in the 
other sections of the table. 

Unless there are completely hidden special effects of choline, the results 
demonstrate a dependence of potassium uptake on sodium extrusion. 
As a tentative generalization, indicated but not proved, it may be sug- 
gested that potassium accumulation in cells is a passive process in response 
to the active extrusion of some other cation, probably sodium in most 
animal cells. 

It is assumed, throughout this discussion, that the muscle fibers during 
extraction and recovery maintain a reasonably high membrane potential. 
This assumption is supported by the results reported by Tobias* on mem- 
brane potentials of K-depleted fibers. 

The data of table | also give information about maximum rates at which 
sodium extrusion can be accomplished. A previous estimate of the mint- 
mum rate gave a figure of about 3 mmol./kg./hr.*.. From table 1, B it would 
seem that a half-time for the process of sodium extrusion is about 30 
minutes from which it can be calculated that ca. 40 mmols./kg./hr. can 
be actively extruded under the conditions of these experiments. Other 
data to be reported elsewhere show that this is indeed a correct figure for 
the extrusion of sodium into the more normal NaClI-KCI mixtures. This 
rate of extrusion is very similar to the total exchange rate for Na** reported 
by Levi and Ussing.’ It can be concluded therefore that it is not neces- 
sary to postulate an exchange system other than that represented by the 
transport system. 

During the recovery of muscles from the high sodium condition a con- 
siderable amount of energy must be expended. Using the calculations 
of Levi and Ussing,® energy expenditure would amount to around half of 
the normal resting metabolism. This does not indicate, however, that 
normal muscle, intact in the body must expend energy at such a high 
rate to maintain the normal sodium-potassium balance. As reported pre- 
viously,' the time course of potassium loss (and presumably sodium gain) 
during extraction is very slow. Hence the rate limiting step for normal 
energy expenditure to maintain ion balance might well be the slow inward 
ionic leakage. 

It would seem that the sodium extrusion system is able to provide a 
high safety factor perfectly adequate to compensate for the intermittent 
increase in ionic leakages accompanying activity. 

* Aided by a grant from the Graduate School and Contract Nonr-24900, Office of 
Naval Research. 

! Steinbach, H. B., J. Biol. Chem., 133, 695 (1940). 
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TRANSPLANTATION OF LIVING NUCLEI FROM BLASTULA 
CELLS INTO ENUCLEATED FROGS’ EGGS* 


By ROBERT BRIGGS AND THOMAS J. KING 


INSTITUTE FOR CANCER RESEARCH AND LANKENAU HospIraL RESEARCH INSTITUTE, 
PHILADELPHIA, PENNSYLVANIA 


Communicated by C. W. Metz, March 15, 1952 


[ntroduction.-The role of the nucleus in embryonic differentiation has 
been the subject of investigations dating back to the beginnings of expert- 
mental embryology. At first it was supposed by Roux, Weismann and 
others that differentiation is the result of qualitative nuclear divisions, 
different blastomeres thereby receiving the different kinds of nuclei which 
determine their subsequent differentiation. Later on this theory was 
disproved by numerous experiments showing that, during early cleavage 
at least, the distribution of the nuclei can be changed at will without 
altering the pattern of development. The cleavage nuclei have, therefore, 
been regarded as identical, and differentiation has been ascribed primarily 
to the well-known localizations in the egg cytoplasm. 

This evidence, it should be emphasized, relates only to the early phases 
of development. During this time it is definitely true that the nuclei in 
the various blastomeres are equivalent. However, whether they remain 
equivalent or become differentiated as the various parts of the embryo 
differentiate has never been tested. The possibility that nuclei might 
differentiate in response to regional differences in the cytoplasm, and that 
such nuclear changes might have reciprocal effects on the cytoplasm during 
cell differentiation, was suggested by Morgan.' More recently Schultz? “4 
has discussed the problem more fully, indicating the known cytogenetical 
mechanisms that could account for nuclear differentiation, and ‘Weisz® 
has reviewed it in relation to ciliate morphogenesis. 

Obviously this problem can be solved only by the development of a 
method for testing directly whether nuclei of differentiating embryonic 
cells are or are not themselves differentiated. This sort of test could be 
obtained, as suggested to us several years ago by Schultz, if it were possible 
to transplant nuclei. Ideally, this type of experiment should be carried 


out by transplanting the nucleus from an irreversibly differentiated cell 


into an enucleated egg. The egg cytoplasm when normally nucleated is. 
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of course, capable of giving rise to the complete range of differentiated cell 


types, while in the absence of the nucleus it may cleave but fails completely 
to differentiate.°-* In other words, its differentiation, while potentially 
complete, is still nucleus-dependent. Therefore, if the egg nucleus could 
be replaced by one from a differentiated cell, the nature of the ensuing 
development should reveal the character of the transplanted nucleus 
complete differentiation would indicate that irreversible nuclear differentia- 
tion had not occurred, while limited differentiation would indicate that it 
had. 

In order to make such tests of nuclear differentiation it is first necessary 
to develop a method of transplantation that leaves both the transplanted 
nucleus and the recipient egg cytoplasm in undamaged condition. The 
only way to determine if this can be done is to work first with nuclei from 
undifferentiated cells which, if transplanted properly, should give rise to 
normal embryos. In the Amphibia the cells of choice for this purpose are 
those of the late blastula. They are almost as small as the differentiated 
cells of slightly older embryos and so present the same technical problems. 
At the same time they are, with the exception of the future dorsal lip cells, 
still undetermined and therefore their nuclei cannot be irreversibly differ- 
entiated. For these reasons we have worked out a method for trans- 
planting nuclei from these cells into enucleated frogs’ eggs. These eggs 
cleave and in a significant proportion of the cases develop into complete 
embryos. 

Method.—-The transplantation of nuclei is carried out in the following 
steps: First the recipient egg is pricked with a clean glass needle. This 
activates the egg and causes it to rotate so that the animal pole is upper- 
most and the egg nucleus can be taken out with a glass needle by Porter's’ 
technique. The outer jelly coats are then removed and the egg is placed 
in a depression in a wax-bottomed dish in Niu-Twitty’s' solution. A 
blastula or early gastrula (St. 8 to 10, Shumway!''), placed in the same 
dish, is then opened up and one of the subsurface animal pole cells is dis- 
sected free from its neighbors. The cell is now drawn up into the mouth 
of a thin-walled glass micropipette, the lumen of which is somewhat 
smaller than the diameter of the cell. The pipette is held in a Leitz- 
Chambers holder connected via rubber pressure tubing to an ordinary 
5-ml. syringe. All of the system except the tip of the needle is filled with 
air. The tip contains the column of solution drawn up with the cell. 
Provided the needle is really clean the movements of the column can be 
controlled accurately. Now, as the cell is drawn up into the needle it is 
compressed and distorted in such a way as to break the cell surface with- 
out dispersing the cell contents. The needle is then inserted into the 
enucleated egg and the broken cell is injected, thus liberating the nucleus 
within the egg. The injection can be controlled by watching the meniscus 
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of the fluid column within the needle, things being arranged so that the 
broken cell is kept near the tip of the needle while the meniscus of the 
column is higher up but still within the field of the microscope. Following 
the injection the needle is slowly withdrawn. Usually as it is withdrawn 
it pulls the surface coat up against the vitelline membrane so that a small 
canal is formed through which the egg substance may subsequently leak. 
This can be prevented by cutting the connection between the egg surface 
and the vitelline membrane with glass needles. The egg is then removed 
from the operating dish and placed in a small Stender dish in spring water. 

Results.—When eggs (R. pipiens) are simply pricked with a clean glass 
needle they rotate, form the ephemeral “black dots’ localizing the second 
maturation division spindle, and within a few hours show puckering of the 
surface or abortive and irregular cleavage furrows. ‘There is no genuine 
cleavage or blastula formation. In our experiments 99°, (2831 out of 
2853) of the pricked eggs behaved in this way. By contrast, eggs which 
are pricked and enucleated fail to give any signs of cleavage. When ob- 
served a few hours after activation these eggs show none of the puckerings, 
etc., which are present in practically all of the pricked eggs at this time. 
Thus, 631 out of 638 enueleated eggs behaved in this way, indicating that 
99°, of the operations for removal of the egg nucleus were successful. 
Actually, the 7 eggs which did show puckers were ones in which the exo- 
vate, which forms when the egg in enucleated and which contains the egg 
nucleus, still retained a connection with the egg. In these the egg proper 
may have been enucleated, the puckers forming through the influence of 
the nucleus in the attached exovate. 

In order to check further on the success of the operation for enucleation 
we always enucleated some normally inseminated eggs at the end of each 


experiment. From these we should obtain androgenetic haploids when 


the operation is successful, and normal diploids when it is not. Out of 
358 operations, regarded at the time as successful, we obtained 337 embryos, 
all of them haploids. An additional 169 operations, regarded as not abso- 
lutely certain, gave 161 embryos of which 160 were haploids. 

From these results we can say that eggs which are pricked and then 
enucleated will practically never retain the egg nucleus by mistake, and 
will never develop. When these eggs are now each injected with a diploid 
blastula cell nucleus more than half of them cleave, giving rise to partial 
and complete blastulae as summarized in table 1. Some of these blastulae 
were fixed. The remainder developed as shown in table 2. Of the com- 
plete blastulae the majority (747) gastrulated normally and formed com- 
plete embryos. Approximately half of these were normal in appearance 
when fixed at stages ranging from stage 19 (5-mm. embryo) to the tadpole 
stage. The remainder formed complete neurulae but later on displayed 
slight to moderate abnormalities such as growth retardation, microcephaly 
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in some cases, larger than normal heads in others and so on. Of the 15 
abnormal embryos listed in table 2, 14 were diploids and | was polyploid 
as judged from the ectodermal cell size. Among the 15 normal embryos 
there were 7 diploids and 8 polyploids. The only other embryos that 
developed far enough to give clear indications of chromosome number 
were 4 of the 5 abnormal neurulae listed in the table. These also were 
diploid (2 cases) or polyploid (2 cases). Thus, among the 35 embryos 


TABLE 1 
CLEAVAGE OF ENUCLEATED EGGs INJECTED WITH BLASTULA CELL NUCLEI 


No. of eggs injected. .. 197 
Cleavage 
None 45 
Abortive 18 
Cleaved 104 
Blastulae 
Partial 
<!/¢ te 12 
>!/2 29 


Complete 63 


Nores: Each egg was activated, enucleated and then injected with a diploid nucleus 


from an animal hemisphere cell of an advanced blastula or early gastrula. Of the 
blastulae’obtained from the injected eggs, 13 of the complete ones and 17 of the partial 
one were fixed during the first day of development. The remainder were allowed to 
develop and gave rise to embryos as shown in table 2. 
TABLE 2 
DEVELOPMENT OF BLASTULAE DERIVED FROM ENUCLEATED EGGS INJECTED WITH 
BLASTULA CELL NUCLEI 
1 5 6 
POST-GASTRULA DEVELOPMENT 
KRPFECTIVE TOTAL AHN POST-NEURULA 
TYPE OF TOTAL ARRESTED GASTRULAE GASTRULAE » NEU EMBRYOS 

BLASTULA NO BLASTULAE NORMAL ABN NORMAL AHN RULAK NORMAL SL. ABN, 
Complete 50 3 37 10 30 2 2 15 15 
>'"/¢ 20 7 0 13 0 3 3 0 0 
<!/, 4 } 0 0 


Nores: Of the total number of gastrulae obtained (col. 4) some were fixed, leaving 
the numbers given in column 5. These were developed into embryos as listed in column 
6 


obtained there were no haploids. Had they occurred they would have been 
hard to account for in these experiments, since the injected nucleus was 
diploid. The polyploids, on the other hand, may be explained. The 
blastula cell nuclei are undoubtedly in various stages of mitosis when 
transplanted, and there should be ample opportunity for a doubling of 
chromosomes to occur after the nucleus has been transplanted and before 
the egg cytoplasm is prepared to cleave. 
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In order to get cytological evidence of the removal of the egg nucleus 22 
of the injected eggs were fixed at stages ranging from morula to gastrula, 
and were sectioned and stained with the Feulgen reagent. In 21 of these 
eggs the exovate could be seen trapped in the inner jelly layer but sepa- 
rated from the egg proper. In 9 cases the egg nucleus was found in the 
exovate, while the egg proper consisted of cells containing normal nuclei 
which could only have been derived from the transplanted nucleus. In 6 
additional cases Feulgen positive material was seen in the exovate, but it 
could not be definitely recognized as the egg nucleus. The remaining 6 
cases showed no Feulgen positive material. In these the egg nucleus may 
have been lost from the exovate, or it could have been obscured by the 
pigment of the surface coat surrounding the exovate. 

The evidence summarized above shows quite conclusively that living 
nuclei can be transplanted from blastula cells into enucleated eggs. How- 


TABLE 3 
DEVELOPMENT OF ENUCLEATED Pipiens EGGS INJECTED WITH Calesbeiana NUCLEI 
l 2 3 1 5 
ARRESTED ARRESTED 
NO. OF CLEAVAGE BLASTULAE IN IN EARLY 
TYPE OF EGGS ABORTIVE PARTIAI BLASTULA GASTRULA 
NUCLEUS INJECTED NONE CLEAVAGE CLEAVED '/s > COMPLETE STAGE STAGE 
Catesbeiana 
(haploid ) 119 2 26 66 12 


Catesbeiana 
xX pipiens 
(diploid ) 46 17 7 22 | 7 14 11 11 


Notes: The nuclei used for transplantation were taken from animal hemisphere 
cells of hybrid blastulae 17-18 hrs. old (18°C.). | The diploid hybrid nuclei were from 
the cross, pipiens 2 X catesbeiana &. The catesbeiana haploid nuclei were from the 
androgenetic haploid hybrid, pipiens (9 ) * catesbeiana o. 


ever, in order to get an additional proof of the success of the technique 
we have transplanted R. catesbetana nuclei into R. pipiens enucleated 
eggs. It is known from hybridization experiments® '* '* that this com- 


bination is lethal. The diploid hybrid is arrested in late blastula or early 
gastrula stage and dies in about 3 days, while the androgenetic haploid 
hybrid is always arrested in late blastula stage but dies later—at about 
4 to 5 days. Thus, if the transplantation of the foreign nucleus is success- 
ful we should obtain a uniform arrest of development followed at the appro- 
priate interval by the death of the embryo. 

The experiments were done as follows: Donor blastulae were produced 
by inseminating pipiens eggs with catesbetana sperm. The egg nucleus 
was removed from some of these, giving us androgenetic haploid hybrids. 
The rest of the eggs were allowed to develop as diploid hybrids. After 
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about IS hours at 18° both types of hybrids had developed to stage S 
(mid to late blastula), and were usually used to provide nuclei for trans- 


plantation at this time. The hybrids are, of course, arrested shortly 


° 
/o exp. | 
living 
100 ET © dip hybrid cont. 
‘ ae ~ OQ hap hybrid cont. 


@ hap. hybrid - transplanted 
nucleus 


80 


60 


40 








exp. 2 


dip. nypriag cont 
hap. hybrid cont. 


dip. hybrid - transplanted 
nucleus 








100 


age-hours 
FIGURE 1 


Exp. 1. Mortality curves for (1) haploid hybrid controls, pipiens (2) X 
catesbeiana o; (2) enucleated pipiens eggs injected with haploid catesbeiana 
nuclei; and (3) control diploid hybrids, pipiens 9 X catesbeiana ©. 

Based on 55 haploid hybrid controls, 28 experimental haploid hybrids, and 
147 diploid hybrid controls 

Exp. 2.--As for experiment 1, except for the experimental embryos which 
in this experiment are derived from enucleated pipiens eggs injected with 
diploid (pipiens 9 X catesbeiana o) hybrid nuclei. 

Based on 119 diploid hybrid controls, 21 experimental diploid hybrids, and 
73 haploid hybrid controls 


thereafter and we have evidence, not presented here, that nuclei taken 
from older blastulae (stage 9) generally will not cause enucleated eggs to 
cleave. 
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The results of the transplantations of nuclei from hybrid blastulae are 
summarized in table 3. About half of the enucleated eggs which were 
injected with the catesbetana haploid nucleus cleaved and developed into 
partial or complete blastulae, as indicated in the table. The complete 
blastulae; it should be emphasized, looked perfectly normal. Yet none 
of them showed any signs of gastrulation. They were all arrested in late 
blastula stage, as were the androgenetic haploid hybrid controls, and later 
on they all died at approximately the same time as did the controls 
(Fig. 1). 

Enucleated eggs injected with diploid hybrid nuclei also cleaved and 
gave rise to blastulae, as shown in table 3. These corresponded to the 
diploid hybrid controls in their development. That is, they were all 
arrested either in late blastula or early gastrula stages, and died when 
their controls did. (Fig. 1.) 

In order to see whether the nuclear phenomena associated with the arrest 
and death of the blastulae were occurring in the same way in the experi- 
mental and control blastulae we fixed several of each at ages of 42 to 72 
hours. The controls consisted of 9 androgenetic haploid hybrids 
[pipiens (2) X catesbetana |; the 17 experimental blastulae were all 
derived from enucleated pipiens eggs injected with haploid catesbetana 
nuclei taken from androgenetic haploid hybrid blastulae. 

A study of the arrested control blastulae revealed a variety of nuclear 
abnormalities. The majority of the nuclei were in an abnormal interphase 
condition characterized by an accumulation of chromatin around the 
periphery of the nucleus in the form of thick threads, leaving the central 


portion free of Feulgen-positive material. In addition there were arrested 


and abnormal metaphases, and a few anaphases which always showed 
bridges. In some of these figures the chromosomes were clumped. Finally, 
some cells contained small groups of chromosomes, or small pyecnotic 
nuclei, presumably derived from irregular divisions that had occurred 
earlier. 

In the majority (14 out of 17) of the experimental blastulae the nuclear 
abnormalities were exactly the same as those described above for the 
controls. In 3 cases, however, the condition was different, with the nuclei 
all in an abnormal interphase condition characterized by a rather diffuse 
Feulgen staining. We do not know yet how to account for these excep- 
tional cases. It may be that in a larger series of cases the same type of 
nuclear phenomenon might appear among the controls, or occasionally 
there may be some effect of the transplantation on the subsequent be- 
havior of the nuclei. In any case, in the large majority of the experimental 
blastulae the appearance of the nuclei is the same as it is in the controls. 
This fact, taken together with the fact that the extent of development and 
the time of death are also the same in the experimental and control blastulae 
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provides convincing evidence of the successful transplantation of the 


foreign nucleus. 

Discussion.-Nuclear transplantation has been accomplished previously 
in amoebae,'* ' but to our knowledge has not been reported for other 
forms. The evidence summarized in this paper shows that blastula cell 


nuclei may now be transplanted into enucleated frogs’ eggs, giving rise to 
nucleated embryos which differentiate normally. This means that the 
nuclei are not significantly damaged, and indicates that the technique of 
nuclear transplantation may now be used in testing nuclei from various 
differentiated parts of the Amphibian embryo. The advantages of being 
able to study the problem of nuclear differentiation with this embryo are 
considerable. It is one of the classical objects of experimental embryology 
and thereby provides us with the opportunity of correlating the properties 
of the nuclei, as they may be revealed by nuclear transplantation, with 
the known properties of the different parts of the embryo as demonstrated 
by the numerous transplantation and explantation experiments recorded 
in the literature. 

The method of nuclear transplantation, described in this paper, involves 
transferring the cytoplasm as well as the nucleus of the blastula cell into 
the enucleated egg. This does not, however, bring about a significant 
dilution of the egg cytoplasm. The total volume of the donor blastula 
cell is about 2 K 10~‘ cu. mm., while the average volume of the pipiens 
egg is about 3.4 cu. mm.—giving a ratio of 1:17,000. We have not calcu- 
lated the volume of the blastula cell cytoplasm but it would be significantly 
smaller than that of the whole cell and the ratio of it to the egg cytoplasm 
volume is therefore probably smaller than 1:20,000. None the less, some 
cytoplasm is transferred along with the nucleus by this method. Refine- 
ments may make it possible to eliminate most of the cytoplasm, but it 
will be extremely difficult if not impossible to devise a method for obtaining 
nuclei which can be said to be completely free of cytoplasm. However, 
this is not important at present. The method as it stands should allow 
us to detect such irreversible changes in nuclei as may be limiting with 
respect to differentiation. And in the future the role of the cytoplasm 
may be explored by combining in transplantation nuclei and cytoplasm 
from different types of cells, or from the same type at different stages of 
differentiation. 

Although the method of nuclear transplantation should be valuable 
principally for the study of nuclear differentiation, it may also have other 
uses. In particular, it can provide us with a test of whether nuclei which 
have been treated in various ways still retain their capacity for mitosis. 
This is the best if not the only test of a normal nucleus, and we hope that 
it may eventually be applied to the problem of developing an optimal 
nuclear medium-—a matter which should have real importance for future 
studies of nuclear biochemistry. 
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Summary.——In this paper a method is described for transplanting nuclei 
from advanced blastula cells into enucleated eggs of Rana pipiens. When 
the nucleus is from the same species as the egg cytoplasm the egg then 
cleaves and can develop into a normal embryo. When the nucleus is from 
a different species (R. catesbeiana) the enucleated pipiens egg which re- 
ceives it forms a blastula which is then arrested and subsequently dies, 


exactly as do the normally produced hybrids between the two species. 


These and other experiments prove that the blastula cell nucleus can be 
transplanted in undamaged condition, indicating that the technique of 
nuclear transplantation is now sufliciently well developed so that it may 
be used in studies of nuclear differentiation and possibly in other studies 
of nuclear function as well. 
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CYTOCHEMICAL STUDIES OF THE ACTION OF TRYPSIN. 
I, DIGESTION OF SALIVARY-GLAND CHROMOSOMES* 


By BERWIND P,. KAUFMANN 


DEPARTMENT OF GENETICS, CARNEGIE INSTITUTION OF WASHINGTON, 
Co_Lp SprRING HarRBor, N. Y. 


Communicated by M. Demerec, March 1, 1952 


Several investigators have reported that salivary-gland chromosomes 
of Drosophila undergo marked structural deformation when exposed to 
the action of solutions of trypsin containing electrolytes.'~' Such def- 
ormation has generally been attributed to the action of the enzyme in 
degrading the proteins and thereby liberating the associated nucleic acids. 
Evidence accumulated in recent years, however, has shown that electro- 
lytes may in themselves alter the appearance and staining reactions of 
cellular materials..-* In appraising the mode of action of solutions of 
trypsin in effecting cellular deformation it becomes necessary, therefore, 
to determine the extent to which the reaction depends on the associated 
electrolytes as well as the enzyme molecules. This had been done in the 
study here reported. 

Materials and Methods. Salivary glands of Drosophila melanogaster 
were dissected from third-instar larvae into physiological salt solution. 
From here some of the glands were transferred directly to the enzyme or 
control solutions, in order to determine their action on unfixed chromo- 
somes. Others were transferred from the salt solution to 45% acetic acid 
for fixation, and were then treated with the enzyme solution, either as 
intact glands (the acetic acid having been removed by thorough rinsing 
in water) or after conversion into chromosome smears. 

The salt-free sample of trypsin used was crystallized by the method of 
MeDonald and Kunitz.’ It was employed in a concentration of 0.1 mg. 
per ml. dissolved in 0.05 A/ acetate or phosphate buffer at various pH 
levels, or in aqueous solutions in which the pH was adjusted by the addi- 
tion of traces of NaOH. This series was designed to include conditions of 
treatment that had previously been reported by other workers as causing 
complete dissolution of salivary-gland chromosomes. To insure continu- 
ing potency of the enzyme during treatment, solutions were renewed at 
|- to 2-hr. intervals. The various solvents alone served as control solu- 
tions at the different pH levels. All treatments were carried out at 37°C. 

The action of the enzyme in the different solutions was tested over 
periods of time ranging from | minute to 24 hours. The preparations that 
had been treated as intact glands were stained in aceto-orcein and made 
into permanent squashes. The salivary-gland-chromosome smears were 
stained in aceto-orcein or by the Feulgen method. 
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Results. The cytological findings with respect to changes induced in 
the form and pattern of banding of the chromosomes may be briefly sum 
marized. A more detailed description will be published elsewhere." 

Chromosomes of cells that had been transferred directly from physio 
logical salt solution into buffered solutions of trypsin showed no effects 
of 4-hours’ treatment with the enzyme. This contrasts with the observa- 
tion of Mazia and his associates that digestion of unfixed salivary glands 
in solutions of trypsin resulted in complete dissolution of the chromosomes 
within 4 to 4 hours. The experiments reported here included treatment at 
pH 5.0 (paralleling the conditions described by Mazia)'' and at pH 9.0 
(paralleling those specified by Mazia and Jaeger).* Failure of the solu- 
tions of trypsin prepared in this laboratory to effect rapid degenerative 
changes in the chromosomes was presumably due to inability of the 
enzyme molecules to penetrate the living cell and attack native proteins. 
That the enzyme was active during the course of treatment was evidenced 
by the fact that in many of the glands the intercellular materials were 
removed, whereupon the cells separated from one another and often as 
sumed a spherical form. (No such dissociation of cells occurred in the 
glands treated with the control solutions.) Nevertheless, when stained in 
aceto-orcein, these separated cells showed intact chromosomes with precise 
and characteristic patterns of banding. 

Trypsin readily attacked the chromosomes in whole glands or smears 
that had been fixed in acetic acid. The nature and extent of the induced 
changes were found to depend on the pH and composition of the solvent, 
and on the duration of the treatment. Whereas there was only slight 
alteration in the appearance of chromosomes treated with trypsin in acetate 
buffer at pH 5.0 for 16 hours, marked deformation occurred within a few 
minutes when the enzyme was used in acetate or phosphate buffer at pH 
5.5, or in phosphate buffer in the pH range between 6.0 and 8.0. No com- 
parable deformation occurred in the control preparations treated only with 
the phosphate buffer. 

The importance of the solution of electrolytes in effecting deformation 
of the trypsin-hydrolyzed chromosomes is indicated by the following 
observations. Aqueous solutions of trypsin at pH 6.0, although enzy- 
matically active,' !* '* did not produce any appreciable modification of 
salivary-gland-chromosome structure within a period of 24 hours. On the 
other hand, when the chromosomes were treated for a few minutes in an 
aqueous solution of trypsin at pH 6.0, rinsed thoroughly in water to remove 
the uncombined trypsin, and finally immersed in 0.05 17 phosphate buffer, 
structural deformation occurred. 

The course of such structural deformation may be followed by com- 


paring salivary-gland-chromosome smears digested by trypsin in phos- 
phate buffer at pH 7.5 for 1, 2, 4, 8, and 16 minutes. Within the first few 
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minutes the chromosome begins to swell laterally and soon assumes the 
appearance of a swollen vesicle in which the individual bands are disso- 
ciated into chromomere-like bodies. (No disruption of the linear continuity 
of the chromosome, either by fragmentation or by removal of intercalary 
or terminal regions, was observed in any of the preparations during the 
l}-minute treatment.) When the chromosomes are confined within an 
intact nucleus, they swell until they press against each other and the 
nuclear membrane, which consequently assumes a lobate contour. The 
nucleus then appears to be filled with scattered and discrete chromomeres. 
This aspect of tryptic digestion, which was first reported by Caspersson,' 
has been widely attributed to the action of the enzyme in removing pro- 
teins from the chromosomes so as to release the nucleic acids. Experi- 
ments described in the following paragraph, however, indicate that nucleic 
acids play an active role in the process of trypsin-induced structural def- 
ormation. 

When intact glands or chromosome smears were first digested in desoxy- 
ribonuclease so that the desoxyribonucleic acid was degraded, digestion in 
buffered solutions of trypsin (e.g., in phosphate buffer at pH 7.5) for an 
hour did not produce any appreciable swelling. Chromosomes subjected 
to this combination of treatments were not Feulgen-positive, nor did they 
stain clearly with aceto-orcein, but the bands were identified by using 
acidic dyes, such as fast green, that color the residual proteins. Intact 
chromosomes with well-defined bands were also seen in preparations that 
had been stained in fast green after treatment with the following series of 
reagents at pH 6.0: an aqueous solution of trypsin, distilled water, desoxy- 
ribonuclease, water, phosphate buffer, and water. Treatment with de- 
soxyribonuclease after treatment with trypsin inhibited the swelling and 
the concomitant deformation of the chromosomes that follows application 
of the trypsin-water-buffer-water series at pH 6. It is thus apparent that 
the action of trypsin per se does not destroy the linear continuity of the 
chromosomes, but that the degradational changes effected by the action 
of solutions of trypsin are due to swelling in the presence of electrolytes of 
nucleic acids or nucleoproteins as a consequence of the hydrolysis, although 
not the dissolution, of the chromosomal proteins. A more extensive 
analysis of the action of nucleases in modifying the swelling reaction is 
presented in other publications." '” 

Discussion. The observations reported here confirm the findings of 
earlier workers that solutions of trypsin can effect marked deformation of 
cell structure, but the conclusions derived from these observations differ 
from those of the earlier workers with respect to the role of the enzyme 
in producing such degradational changes. Since current interpretations 
of the chemical organization of chromosomes are based in part on these 
earlier studies, it becomes essential to determine whether they rest on 
secure experimental evidence. 





VoL. 38, 1952 ZOOLOGY: B, P. KAUFMANN 467 


In the experiments of this study, purified and carefully assayed samples 
of crystalline trypsin were used, and an effort was made to maintain rigid 
control of experimental variables. Because the crude enzyme preparations 
used by Caspersson,'! Mazia and Jaeger,’ Catcheside and Holmes,* and 
others probably contained a number of different enzymes, their experiments 
do not afford a valid basis for any inferences concerning the specific action 
of trypsin. Of greater concern are those experiments in which solutions of 


crystalline trypsin have been reported to effect complete dissolution of 
nuclear materials in unfixed cells.* * No such dissolution occurred when 
the experiments were repeated using trypsin prepared in this laboratory; 
and it appears likely, therefore, that the samples used in the earlier studies 
not only had tryptic activity but possessed other chemical properties as 
well. In previous publications’ *'' we have attempted to stress the 
inadequacy of conclusions based on the assumption that crystalline 
preparations of enzymes are necessarily specific in their action; but despite 
these admonitions a tendency persists in some quarters to equate crystal 
linity with purity and specificity of action. 

The limitations of experiments in which carefully assayed enzymes are 
not used and rigid control of experimental variables is not achieved are 
emphasized when we realize that conclusions derived from the older, 
“classical’”’ experiments have been used in formulating general interpreta- 
tions of cellular organization. With regard to the chromosome reticulum, 
for example, Frey-Wyssling” stated: “. . . [it] consists of a protein frame- 
work in which varying amounts of nucleic acid are embedded. Caspersson 
(1936) has proved this by digestion experiments with giant chromosomes.’ 
By now it is apparent that interpretations of chromosome structure de- 
rived from studies involving enzymatic hydrolysis must rest on a more 
substantial experimental basis than 1s afforded by the experiments cited. 
Efforts to provide such data have recently been reported.'® 

One of the positive and constructive aspects of the foregoing analysis is 
that it creates the opportunity for a more critical approach than has 
heretofore been possible to various problems of submicroscopic morphology. 
For example, the trypsin-digested and swollen chromosomes provide excel 
lent material for an analysis of chromosome structure by electron micros 
copy.” The phenomenon of trypsin-induced swelling also offers a new 
criterion for determining the effects of 1onizing and other radiations on the 
nucleoproteins of the living cell.’ The finding that trypsin is enzymatically 
active in aqueous solution but does not cause cell deformation allows us 
to formulate cytochemical procedures in which trypsin is used in com 
bination with other proteases and with nucleases. These and other aspects 
of the studies will be described in greater detail in further publications. 

Summary. Marked deformation of chromosomes may be effected by 
the action of solutions of the proteolytic enzyme trypsin. Analysis of the 
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course of digestion of salivary-gland chromosomes of Drosophila melano- 
gaster has shown that the degradational changes are due to the swelling of 
nueleic acids or nucleoproteins in the presence of electrolytes as a conse- 


quence of the hydrolysis, but not the dissolution, of the chromosomal 


proteis. This interpretation contrasts with the generally accepted view 
that trypsin acts by degrading chromosomal proteins to small diffusible 
units, and releases the nucleic acids in the process. 
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ERRATA 


In the article “The Effects of Carbon Monoxide and Oxygen on the 
Frequency of X-ray Induced Chromosome Aberrations in 7radescantia”’ by 
E. D. King, H. A. Schneiderman and Karl Sax, these PROCEEDINGS, 38, 34 
13 (1952), there is an error in the second line of table | on page 37. The 
second line of the first column reads ‘5 atm. CO + | atm. air’’ like the line 
above it and the line below it; but it should read simply ‘1 atm. air.” 
The other entries in the line ending with ‘Negligible’ are correct. 

EDWARD ID. KING 
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